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vertex of the parabola ; and fuppofe 4 AS X M equal to the pa- 
rabolic area to be cut off APS, which either was defcribed by 
the radius SP, fince the body's departure from the vertex, or 
is to be defcribed thereby before its arrival there. Now the 
quantity of that area to be cut off is known from the time 
which is proportional to it. Bifecl; AS in G, and erect the 
perpendicular GH equal to 3M, and a circle defcribed abonl 
the centre H, with the interval HS, will cut the parabola in 
the place P required. For letting fall PO perpendicular on 
the axis, and drawing PH, there will be AG*-f GH 1 (z±IIP* 

= AO — AG I 1 + PO — GH|*) = AO* -f PO* — 2GAO — 
2GH + PO + AG* + GH*. Whence 2GH x PO( = AO* 
+ PO* -r- 2GAO) = AO* + £ PO*. For AO 1 write AO x 
PO* 

— ; then dividing all the terms by 3PO, and multiplying 
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them by SAS, we (hall have JGH x AS (=|AO x PO 

. " „ AO + 3AS „ 4AO — 3SO 

+ I AS x PO = ^ x PO = tt x PO= 

o o 

to the area APO— SPO)l = to the area APS. But GH was 

3M, and therefore $GH x AS is 4AS x M. Wherefore the 

area cot off APS is equal to the area that was to be cut off 

4AS x M. Q.E.D. 

Cor. 1. Hence GH is to AS as the time in which the 
body defcribed the arc AP to the time in which the body 
defcribed the arc between the vertex A and the perpendicular 
erected- from the focus S upon the axis. 

Cor. 2. And fuppoling a circle ASP perpetually to pafs 
through the moving body P, the velocity of the point H is 
to the velocity which the body had in the vertex A as 3 to 8 ; 
and therefore in the fame ratio is the line GH to the right 
line which the body, in the time of its moving from A to P, 
would defcribe with that velocity which it had in the vertex A. 

Cor. 3. Hence alfo, on the other hand, the time may be 
found in which the body has defcribed any affigned arc AP. 
Join AP, and on its middle point erect a perpendicular meet* 
ing the right lineGH in H. 

LEMMA XXVIII. 
There is no oval figure whofe area, cut off by right lines at 

pleafure, can be univerfally found by means of equations of 

any number of finite terms and dimenfions. 

Suppofe that within the oval any point is given, about 
which as a pole aright line is perpetually revolving with an 
uniform motion, while in that right line a moveable point go- 
ing out from the pole moves always forward with a velocity 
proportional to the fquare of that right line within the oval. 
By this motion that point will defcribe a fpiral with infinite 
circumgyrations. Now if a portion of the area of the oval 
cut off by that right line could be found by a finite equation, 
the d ilia nee of the point from the pole, which is proportional 
to this area, might be found by the fame equation, and there- 
fore all the points of the fpiral might be found by a finite 
equation alfo ; and therefore the interfeclion of a right line 
given in pofition with the fpiral might alfo be found by a 

Vol. I. II 
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finite equation. But every right line infinitely produced cuts 
a fpiralin an infinite number of points} and the equation by 
which any one interferon of two lines is found at the fame 
time exhibits all their interferons by as many roots, and 
therefore rifes to as many dimenfions as there are interfec- 
tions. Becaufe two circles mutually cut one another in two 
points, one of thofe interferons is not to be found but by an 
equation of two diuienfion3, by which the other interferon 
may be alfo found. Becaufe there may be four interferons 
of two conic fe&ions, any one of them is not to be found uni- 
verfally, but by an equation of four di mentions, by which they 
may be all found together. For if thofe interferons are fe- 
verally fought, becaufe the law and condition of all is the 
fame, the calculus will be the fame in every cafe, and there- 
fore the conclufion always the fame, which mult therefore 
comprehend all thofe interferons at once within itfelf, and 
exhibit them all indifferently. Hence it is that the inter- 
ferons of the conic le&ions with the curves of the third order, 
becaufe they may amount to fix, come out together by equa- 
tions of fix dimenfions ; and the interferons of two curves of 
the third order, becaufe they may amount to nine, come out 
together by equations of nine dimenfions. If this did not 
neceflarily happen, we might reduce all folid to plane pro- 
blems, and thofe higher than folid to folid problems. But 
here I fpeak of curves irreducible in power. For if the equa- 
tion by which the curve is defined may be reduced to a lower 
power, the curve will not be one fingle curve, but Compofed 
of two, or more, whofe interferons may be feverally found 
by different calculuffes. After the fame manner the two inter- 
ferons of right lines with the conic fe&ions come out al- 
ways by equations of two dimenfions ; the three interferons 
of right lines with the irreducible curves of the third order by 
equations of three dimenfions ; the four interferons of right 
lines with the irreducible curves of the fourth order, by equa- 
tions of four dimenfions; and fo on in infinitum. Wherefore 
the innumerable interferons of a right line with a fpiral, 
fi nee this is but one fimple curve, and not reducible to more 
curves, require equations infinite in number of dimenfions and 
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roots, by which they may be all exhibited together. For the 
law and calculus of all is the fame. For if a perpendicular is 
let fall from the pole upon that interlecling right line, and 
that perpendicular together with the interfering line revolves 
about the pole, the interfe&ions of the fpiral will mutually 
* pafs the one into the other ; and that which was firft or 
neareft, after oue revolution, will be the fecond ; after two, 
the third; and fo on : nor will the equation in the mean time 
be changed but as the magnitudes of 1 thofe quantities are 
changed, by wjiich the polition of the interfering line is de- 
termined. Wherefore fince thofe quantities after every re* 
volution return to their firft magnitudes, the equation will re- 
turn to its firft form; and confequently one and the fame equa* 
tion will exhibit all the interfeclions, and will therefore have 
an infinite number of roots, by which they may be all exhi-* 
bited. And therefore the interfe&ion of a right line with a 
fpiral cannot be univerfally found by any finite equation ; and 
of confequence there is no oval figure whofe area, cut off by 
right lines at pleafure, can be univerfally exhibited by any 
fuch equation. 

By the fame argument, if the interval of the pole and point 
by which the fpiral is defcribed is taken proportional to that 
part of the perimeter of the oval which is cut off, it may be 
proved that the length of the perimeter cannot be univerfally 
exhibited by any finite equation. But here I fpeak of ovals 
that are not touched by conjugate figures running out in in* 
finitum. 

Cor. Hence the area of an ellipfis, defcribed by a radius 
drawn from the focus to the moving body, is not to be found 
from the time given by a finite equation; and therefore can- 
not be determined by the defcription of curves geometrically 
rational. Thofe curves 1 call geometrically rational, all the 
points whereof may be determined by lengths that are de- 
finable by equations ; that is, by the complicated ratios of 
lengths. Other curves (fuch as fpirals, quadratrixes, and cy- 
cloids) 1 call geometrically irrational. For the lengths which 
are or are not as number to number (according to the tenth 
book of elements) are arithmetically rational or irrational. 

H 2 
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And therefore I cutoff an area of an ellipfis proportional to 
the time in which it is defcribed by a curve geometrically ir- 
rational, in the following manner. 

PROPOSITION XXXI. PROBLEM XXIII. 
To find the place of a body moving in a given elliptic trajectory 

at any ajfigned time. 

Suppofe A (PI. 14, Fig. 2) to be the principal vertex, S 
the focus, and O the centre of the ellipfis APB; and let P 
be the place of the body to be found. Produce OA to O fo 
as OG may be to OA as OA to OS. Erec"l the perpendicular 
GH ; and about the centre O, with the interval OG, defcribe 
the circle GEF; and on the ruler GH, as a bafe, fuppofe 
the wheel GEF to move forwards, revolving about its axis, 
and in the mean time by its point A defcribing the cycloid 
ALL Which doue, take GK to the perimeter GEFG of the 
wheel, in the ratio of the time in which the body proceeding 
from A defcribed the arc AP, to the time of a whole revo- 
lution in the ellipfis. Erecl; the perpendicular KL meeting 
the cycloid in L ; then LP drawn parallel to KG will meet 
the ellipfis in P, the required place of the body. 

For about the centre O with the interval OA defcribe the 
feini-circle AQB, and let LP, produced, if need be, meet the 
arc AQ in Q, and join SQ, OQ. LetOQ meet the arc EF6 
in F, and upon OQ let fall the perpendicular SR. The area 
APS is as the area AQS, that is, as the difference between 
the feclor OQA and the triangle OQS, or as the difference of 
the rectangles £OQ x AQ, and iOQ x SR, that is, be- 
eaufe 4OQ is given, as the difference between the arc AQ 
and the right line SR; and therefore (becaufe of the equality 
of the given ratios SR to the fine of the arc AQ, OS to OA, 
OA to OG, AQ to GF ; and by divifion, AQ — SR to GF — 
line of the arc AQ) as GK, the difference between the arc GF 
and the fine of the arc AQ. Q.E.D. 

SCHOLIUM. 

But fince the defcription of this curve is difficult, a folution 
by approximation will be preferable. Firft, then, let there be 
found a certain angle B which may be to an angle of 57,29578 
degrees, which an arc equal to the radius fubtends, as $H 
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(PI. 14, Fig. 3), the diftance of the foci, to AB, the diameter 
of the ellipfis. Secondly, a certain length L, which may be 
to the radius in the fame ratio inverfely. And thefe being 
found, the problem may be folved by the following analyfis. 
By any conftru&ion (or even by conjecture), fuppofe we know 
P the place of the body near its true place p. Then letting 
fall on the axis of the ellipfis the ordinate PR from the pro- 
portion of the diameters of the ellipfis, the ordinate RQ of the 
circumfcribed circle AQB will be given; which ordinate is the 
fine of the angle AOQ, fuppofing AO to be the radius, and 
alfo cuts the ellipfis in P. It will be fufficient if that angle 
is found by a rude calculus in numbers near the truth. Sup- 
pofe we alfo know the angle proportional to the time, that is, 
which is to four right angles as the time in which the body 
defcribed the arc Ap, to the time of one revolution in the el- 
lipfis. Let this angle be N. Then take an angle D, which 
may be to the angle B as the fine of the angle AOQ to the ra- 
dius ; and an angle £ which may be to the angle N — AOQ 
+ D as the length L to the fame length L diminifhed by the 
cofine of the angle AOQ, when that angle is lefs than a right 
angle, or increafed thereby when greater. In the next place, 
take an angle F that may be to the angle B as the fine of the 
angle AOQ + E to the radius, and an angle G, that may be 
to the angle N — AOQ — E + F as the length L to the 
fame length L diminifhed by the cofine of the angle AOQ 
+ E, when that angle is lefs than a right angle, or increafed 
thereby when greater. For the third time take an angle H, 
that may be to the angle B as the fine of the angle AOQ -f 
E + G to the radius; and an angle I to the angle N — AOQ 
— E — G + H, as the length L is to the fame length L dimi- 
nifhed by the cofine of the angle AOQ+ E + G, when that 
angle is lefs than a right angle, or increafed thereby when 
greater. And fo we may proceed in infinitum. Laftly, take 
the angle AOq equal to the angle AOQ + E -|- G + I +, &c. 
and from its cofine Or and the ordinate pr, which is to its fine 
qr as the leffer axis of the ellipfis to the greater, we fhall have 
p the correct place of the body. When the angle N — AOQ 
,+ D happens to be negative, the fign + of the angle E muft 

H 3 



102 MATHEMATICAL PRINCIPLES Book I. 

be every where changed into — , and the fign — into +. 
And the lame thing is to be underftood of the figns of the an- 
gles G and I, when the angles N — AOQ — E + F, and N 
— AOQ — E — G + H come out negative. But the infi- 
nite feries AOQ + E + G + I -J-, &c. converges fo very 
faft, that it will be fcarcely ever needful to proceed beyond 
the fecond term E. And the calculus is founded upon this 
theorem, that the area APS is as the difference between the 
arc AQ and the right line let fall from the focus S perpendi- 
cularly upon the radius OQ. 

And by a calculus not unlike, the prohlem is folved in the 
hyperbola. Let its centre be O (PI. 14 f Fig. 4), its vertex 
A, its focus S, and afymptote OK; and fuppole the quan- 
tity of the area to be cut off is known, as being proportional 
to the time. Let that be A, and by conjecture fuppofe we 
know the pofition of a right line SP, that cuts off an area 
APS near the truth. Join OP, and from A and P to the 
afymptote draw A I, PK parallel to the other afymptote; 
and by the table of logarithms the area AIKP will be given, 
and equal thereto the area OPA, which fubducled from the 
triangle OPS, will leave the area cut off APS. And by ap- 
plying 2APS — 2 A, or 2A — 2 A PS, the double difference 
of the area A that was to be cut off, and the area APS that 
is cut off, to the line SN that is let fall from the focus S, per- 
pendicular upon the tangent TI, we (hall have the length of 
the chord PQ. Which chord PQ is to be infcribed between 
A and P, if the area APS that is cut off be greater than the 
area A that was to be cut off, but towards the contrary fide 
of the point P, if otherwifc: and the point Q will be the place 
of the body more accurately. And by repeating the com- 
putation the place may be found perpetually to greater and 
greater accuracy. 

And by fuch computations we have a general analytical 
refolution of the problem. Hut the particular calculus that 
follows is better fitted for aftronomical purpbfes. Suppofing 
AO, OB, OD (PI. 14, Fig. 5), to be the femi-axes of the el- 
lipfis, and L its latus rectum, and D the difference betwixt the 
leffer femi-axis OD, and \L thehalf of the latus re&um: let 
an angle Y be found, whofefinemay be to theradiusas therectan- 
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. gle under that difference D, and AO + OD the half fum of the axes 
to thefquareof the greater axis AB. Find alfo an angle Z,whofe 
li ne may be to the rad i us as the double rectangle under the d i ilance 
of thefociSHandthatdifferenceDto triple thefquareof half the 
greater feiniraxis AO. Thofe angles being once found, the 
place of the body may be thus determined. Take the angle 
T proportional to the time in which the arc BP was defcribed, 
or equal to what is called the mean motion; and an angle V, 
the firft equation of the mean motion to the angle Y, the 
greateft firft equation, as the fine of double the angle T is to 
the radius; and an angle X, the fecond equatiou, to the an- 
gle Z, the fecond greateft equation, as the cube of the fine of 
the angle T is to the cube of the radius. Then take the an- 
gle BHP the mean motion equated equal to T + X + V, the 
fum of the angles T, V, X, if the angle T is lefs than a right 
angle ; or equal to T + X — V, the difference of the fame, if 
that angle T is greater than one and lefs than two right angles; 
and if HP meets the ellipfis in P, draw SP, and it will cut oft 
the area BSP nearly proportional to the time. 

This practice feems to be expeditious enough, becaufe the 
angles V and X, taken in fecond minutes, if you pleafe, being 
very fmall, it will be fufficient to find two or three of their 
firft figures. But it is likewife fufficiently accurate to anfwer 
to the theory of the planets' motions. For even in the orbit 
of Mars, where the greateft equation of the centre amounts 
to ten degrees, the error will fcarcely exceed one fecond. 
But when the angle of the mean motion equated BHP is 
found, the angle of the true motion BSP, and the diftance 
SP, are readily had by the known methods. 

And fo far concerning the motion of bodies in curve lines. 
But it may alfo come to pals that a moving body (hall afcend 
or defcend in a right line; and I fhall now go on to explain 
what belongs to fueh kind of motions. 

SECTION VII. 
Concerning the reclilinear a/cent and defcent of bodies. 

PROPOSITION XXXII. PROBLEM XXIV. 
Suppofing that the centripetal force is reciprocally propor- 
tional to the fquare of the difiance of the places from the 
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; t/ is required to define the fpaces which a body, fall- 
ing direclly, defcribes in given times. 
Case I. If the body does not fall perpendicularly, it will 
(by cor. 1, prop. 13) defcribe fome conic feclion whofe focus 
is placed in the centre of force. Suppofe that conic fecUon 
to be ARPB (PI. 15, Fig. 1), and its focus S. And, firft, if 
the figure be an ellipfis, upon the greater axis thereof AB 
defcribe the femi-circle ADB, and let the right line DPC 
pafs through the falling body, making right angles with the 
axis ; and drawing DS, PS, the area ASD will be proportional 
to the area ASP, and therefore alio to the time. The axis 
AB ftill remaining the fame, let the breadth of the ellipfis be 
perpetually diminifhed, and the area ASD will always remain 
proportional to the time. Suppofe that breadth to be 
diminifhed in infinitum; and the orbit APB in that cafe 
coinciding with the axis AB, and the focus S with the ex- 
treme point of the axis B> the body will defcend in the right 
line AC, and the area ABD will become proportional to the 
time. Wherefore the fpace AC will be given which the body 
defcribes in a given time by its perpendicular fall from the 
place A, if the area ABD is taken proportional to the time, 
and from the point D the right line DC is let fall perpendi- 
cularly on the right line AB. Q.E.I. 

Case 2. If the figure RPB is an hyperbola (Fig. C), on 
the fame principal diameter AB defcribe the rectangular 
hyperbola BED; and becaufe the areas CSP, CBfP, SPfB, 
are feverally to the feveral areas CSD, CBED, SDEB, 
in the given ratio of the heights CP, CD, and the 
area SPfB is proportional to the time in which the body P 
will move through the arc PfB, the area SDEB will be alfo 
proportional to that time. Let the latus rectum of the hyper- 
bola RPB be diminifhed in infinitum, the latus tranfverfum 
remaining the fame ; and the arc PB will come to coincide 
with the right line CB, and the focus S with the vertex B, 
and the right lineSD with the right line BD. And therefore 
the area BDEB will be proportional to the time in which the 
body C, by its perpendicular defceut, defcribes the line CB. 
Q.E.I. 
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Case 3. And by the like argument, if the figure RPB is a 
parabola (Fig, 3), and to the fame principal vertex B another 
parabola BED is defcribed, that may always remain given 
while the former parabola in whofe perimeler the body P 
moves, by having its latus re&um diminiftied and reduced to 
nothing, comes to coincide with the line CB, the parabolic 
fegment BDEB will be proportional to the time in which 
that body P or C will defcend to the centre S or B. Q.E.I. 

PROPOSITION XXXIII. THEOREM IX. 
The things above found being fuppofed, I fay, that the velocity 

of a falling body in any place C is to the velocity of a body, 

defcribing a circle about the centre B at the dijlance BC, in 

the fubduplicate ratio of AC, the dijlance of the body from 

the remoter vertex A of the circle or re 61 angular hyperbola, 

to $ AB, the principal femi-diameter of the figure. (PI. 15, 

Fig. 4.) 

LelAB, the common diameter of both figures RPB, DEB, 
be bifecled in O; and draw the right line PT that may touch 
the figure RPB in P, and likewife cut that common diameter 
AB (produced, if need be) in T; and let SY be perpendicular 
to this line, and BQ to this diameter, and fuppofe the latus 
rectum of the figure RPB to be L. From cor. 9, prop. 16, it 
is manifeft that the velocity of a body, moving in the line 
RPB about the centre S, in any place P, is to the velocity of 
a body defcribing a circle about the fame centre, at the dif- 
tance SP, in the fubduplicate ratio of the rectangle j.L x SP 
to SY*. For by the properties of the conic feclions ACB is 

2CP* X AO 

to CP* as 2 AO to L, and therefore — ^CB — * s ec l ua l lo 
L. Therefore thofe velocities are to each other in the fubdu- 
plicate ratio of CP *acb X ^ to Moreover, DV tDe 

properties of the conic feclions, CO is to BO as BO to TO, 
and (by compofition or divifion) as CB to BT. Whence (by 
divifion or compofition) BO — or + CO will be to BO as 
CT to BT, that is, AC will be to AO as CP to BQ; and 
. r CP* x AO x SP . . BQ* x AC x SP 

there / 0l ; e acb 18 ^ to — aoitbc — • 
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Now fuppofe CP, the breadth of the figure RPB, to be dimi- 
nished in infinitum, fo as the point P may come to coincide 
with the point C, and the point S with the point B, and the 
line SP with the line BC, and the line SY with the line BQ ; 
and the velocity of the body now defcending perpendicularly 
in the line CB will be to the velocity of a "body deforibing a 
circle about the centre B, at the diftance BC, in the fubdu- 

BQ* x AC x SP 
plicate ratio of AO x BC t0 ^ at ' 8 ( ne g* e< ^ n g 

the ratios of equality of SP to BC, and BQ 1 to SY*), in the 
fuoduplicate ratio of AC to AO, or £AB. Q.E.D. 

Cor. 1. When the points B and S come to coincide, TC 
will become to TS as AC to AO. 

Cor. <2. A body revolving in any circle at a given diftance 
from the centre, by its motion converted upwards, will afcend 
to double its diftance from the centre. 

PROPOSITION XXXIV. THEOREM X. 
If the figure BED is a parabola, I jay, that the velocity of a 

falling body in any place C is equal to the velocity by which 

a body may uniformly defcribe a circle about the centre B 

at half the interval BC. (PI. 15, Fig. 5.) 

For (by cor. 7, prop. 16) the velocity of a body defcribing 
a parabola RPB about the centre S, in any place P, is equal 
to the velocity of a body uniformly defcribing a circle about 
the fame centre S at half the interval SP. Let the breadth 
CP of the parabola be diminifhed in infinitum, fo as the pa- 
rabolic arc PfB may come to coincide with the right line 
CB, the centre S with the vertex B, and the interval SP 
with the interval BC, and the proportion will be manifeft. 
Q.E.D. 

. PROPOSITION XXXV. THEOREM XI. 

The fame things fuppofed, I fay, that the area of the figure 
DES, defcribed by the indefinite radius SD, is equal to the 
area which a body xvith a radius equal to half the latus rec- 
tum of the figure DES, by uniformly revolving about the 
centre S, may defcribe in the fame time, (PI. 16, Fig. J .) 
For fuppofe a body C in the fmalleft moment of time cle- 

fcribes in falling the infinitely little line Cc, while another 
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body K, uniformly revolving about the centre S in the circle 
OKk, defcribes the arc Kk. Erecl; the perpendiculars CD, 
cd, meeting the figure DES in D,d. Join SD, Sd, SK, Sk, 
and draw Dd meeting the axis AS in T, and thereon let fall 
the perpendicular SY. 

Case 1. If the figure DES is a circle, or a rectangular hy- 
perbola, bifecl its tranfverfe diameter AS in O, and SO will 
be half the latus redium. And becaufe TC is to TD as Cc to 
Dd, and TD toTS as CD to SY ; ex <zquo TC, will be to TS 
as CD x Cc ib SY x Dd. But (by cor. I, prop. 33) TCis 
to TS as AC to AO ; to wit, if in the coalefcence of the points 
D, d, the ultimate ratios of the lines are taken. Wherefore 
AC is to AO or SK as CD x Cc to SY x Dd. Farther, the 
velocity of the defcending body in C is to the velocity of a 
body defcribing a circle about the centre S, at the interval 
SC, in the fubduplicate ratio of AC to AO or SK (by prop. 
33) ; and this velocity is to the velocity of a body defcribing 
the circle OKk in the fubduplicate ratio of SK to SC (by cor. 
6, prop. 4); and, txaquo, the firft velocity to the laft, that is, 
the little line Cc to the arc Kk, in the fubduplicate ratio of 
AC to SC, that is, in the ratio of AC to CD. Wherefore 
CD X Cc is equal to AC x Kky and confequently AC to SK 
as AC x Kk to SY x Dd, and thence SK x Kk equal to 
SY x Dd, and *SK x Kk equal to ^SY x Dd, that is, the 
area KSk equal to the area SDd. Therefore in every mo- 
ment of time two equal particles, KSk and SDd, of areas are 
generated, which, if their magnitude is diminifhed, and their 
number increafed tit infinitum, obtain the ratio of equality, 
and confequently (by cor. lem. 4), the whole areas together 
generated are always equal. Q.E.D. 

Case Q. But if the figure DES (Fig. 2) is a parabola, we 
(hall find, as above, CD x Cc to SY x Dd as TC to TS, that 
is, as 2 to 1; and that therefore £CD x Cc is equal to 
$SY x Dd. But the velocity of the falling body in C is 
equal to the velocity with which a circle may be uniformly 
defcribed at the interval £SC (by prop. 34). And this velo- 
city to the velocity with which a circle may be defcribed with 
the radius SK, that is, the little line Cc to the arc Kk, is (by 
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cor. 5, prop. 4) in the fubduplicate ratio of SK to JSC ; 
that is, in the ratio of SK to *CD. Wherefore *SK x Kk 
is equal to iCD x Cc, and therefore equal to £6Y x Dd ; 
that is, the area KSk is equal to the area SDd, as above. 
Q.ED. 

PROPOSITION XXXVI. PROBLEM XXV. 
To determine the times of the defcent of a body falling from a 

given place A. (PI. 16, Fig. 3.) 
Upon the diameter AS, the di fiance of the body from the 
centre at the beginning, defcribe the femi-circle ADS, as 
likewife the femi-circle OKH equal thereto, about the centre 
S. From any place C of the body erect the ordinate CD. 
Join SD, and make the fector OSK equal to the area ASD. 
It is evident (by prop. 36) that the body in failing will de- 
fcribe the fpace AC in the fame time in which another body, 
uniformly revolving about the centre S, may defcribe the arc 
OK. Q.E.R 

PROPOSITION XXXVII. PROBLEM XXVI. 
To define the times of the afcent or defcent of a body projecled 

upwards or downwards from a given place. (PI. 16, Fig. 4.) 
Suppofe the body to go off from the given place G, in the 
direction of the line GS, with any velocity. In the dupli- 
cate ratio of this velocity to the uniform velocity in a circle, 
with which the body may revolve about the centre S at the 
given interval SG, take GA to JAS. If that ratio is the 
fame as of the number 2 to 1, the point A is infinitely remote; 
in which cafe a parabola is to be deferibed with any latus 
rectum to the vertex S, and axis SG ; as appears by prop. 
34* But if that ratio is lefs or greater than the ratio of 2 to 
I, in the former cafe a circle, in the latter a rectangular hy- 
perbola, is to be defcribed on the diameter SA; as appears by 
prop. S3. Then about the centre S, with an interval equal to 
half the latus rectum, defcribe the circle HkK ; and at the 
place G of the afcending or defcending body, and at any 
other place C, erect the perpendiculars GI, CD, meeting the 
conic fection or circle in I and D. Then joining SI, SD, let 
the fectors HSK, HSk be made equal to the fegments SEIS, 
BEDS, and (by prop. 35) the body G will defcribe the fpace 
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GC in the fame time in which the hody K may defcribe the 
arc Kk. Q.E.F. 

PROPOSITION XXXVIII. THEOREM XII. 
Suppof.ng that the centripetal force is proportional to the alti- 
tude or diftance of places from the centre, I fay, that the 
times and velocities of falling bodies, and the fpaces which 
they defcribe, are refpeclively proportional to the arcs, and 
the rigfU and verfcd fines of the arcs. (PI. 17, Fig. 1.) 
Suppofe the body to fall from any place A in the right line 
AS ; and about the centre of force S, with the interval AS, 
defcribe the quadrant of a circle AE ; and let CD be the right 
fine of any arc AD ; and the body A will in the time AD in 
falling defcribe the fpace AC, and in the place C will acquire 
the velocity CD. 

This is demonftrated the fame way from prop. 10, as prop. 
32 was demonftrated from prop. 11. 

Cor. 1. Hence the times are equal in which one body falling 
from the place A arrives at the centre S, and another body 
revolving defcribes the quad ran tal arc ADE. 

Cor. 2. Wherefore all the times are equal in which bodies 
falling from whatfoever places arrive at the centre. For all 
the periodic times of revolving bodies are equal (by cor. 3, 
prop. 4). 

PROPOSITION XXXIX. PROBLEM XXVII. 
Suppojing a centripetal force of any kind, and granting the 

quadratures of curvilinear figures ; it is required to find 
the velocity of a body, afcending or dej vending in a right 
line, in the feveral places through which it paffcs; as alfo the 
time in which it zvill arrive at any place : and vice verfa. 
Suppofe the body E (PI. 17, Fig. 2) to fall from anyplace 
A in the right line ADEC; and from its place E imagine a 
perpendicular EG always ere&ed proportional to the centri- 
petal force in that place tending to the centre C; and let 
BFG be a curve line, the locus of the point G. And in the 
beginning of the motion fuppofe EG to coincide with the per- 
pendicular AB ; and the velocity of the body in any place E 
will be as a right line whofe power is the curvilinear area 
|ABGE. Q.E.I. 
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In EG take EM reciprocally proportional to a right line 
* whofe power is the area j-ABGE, and let VLM be a curve 
line wherein the point M is always placed, and to which the 
right line AB produced is an afyrnptote ; and the time in 
which the body in falling defcribes the line AE, will be as the 
curvilinear area ABTVME. Q.E.I. 

For in the right line AE let there be taken the very fmall 
line DE of a given length, and let DLF be the place of the 
line EMG, when the body was in D ; and if the centripetal 
force befuch, that a right line, whofe power is the area^ABGE, 
is as the velocity of the defcending body, the area itfelf will 
be as the fquare of that velocity ; that is, if for the velocities 
in D and E we write V and V -J- I, the area ABFD will be as 
VV, and the area k ABGE as VV + 2VI + II ; and by divi- 

DFGE 

fion, the area DFGE as 2VI + ai, d therefore — 
2VI 4- II 

will be as p ^ ; that is, if we take the firft ratios of 

thofe quantities when juft nafcent, the length DF is as the 
2VI 

quantity -jj£-5 and therefore alfo as half that quantity 
I x V 

r * But the time in which the body in falling defcribes 

the very fmall line DE, is as that line directly and the velocity 
V inverfely ; and the force will be as the increment I of the 
velocity directly and the time inverfely; and therefore if we 
take the firft ratios when thofe quantities are juft nafcent, as 
I x V 

> that is, as the length DF. Therefore a force propor- 
tional to DF or EG will caufe the body to defcend with a ve- 
locity that is as the right line whofe power is the area 
iABGE. Q.E.D. 

Moreover, fince the time in which a very fmall line DE of 
a given length may be defcribed is as the velocity inverfely, 
and therefore alfo inverfely as a right line whofe fquare is equal 
to the area ABFD ; and fince the line DL, and by confe- 
quence the nafcent area DLME, will be as the fame right 
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line inverfely, the time will be as the area DLME, and the 
fum of all the times will be as the fum of alljthe areas ; that 
is (by cor. lem. 4), the whole time in which the line AE is 
defcribed will be as the whole area ATVME. Q.E.D. 

Cor 1. Let P be the place from whence a body ought to 
fall, fo as that, when urged by any known uniform centripetal 
force (fuch as gravity is vulgarly fuppofed to be), it may ac- 
quire in the place D a velocity equal to the velocity which 
another body, falling by any force whatever, hath acquired in 
that place D. In the perpendicular DF let there be taken 
DR, which may be to DF as that uniform force to the other 
force in the place D. Complete the rectangle PDRQ, and 
cut off the area ABFD equal to that rectangle. Then A will 
be the place from whence the other body fell. For complet- 
ing the rectangle DRSE, fince the area ABFD is to the area 
DFGEasVV toSVI, and therefore as |V to I, that is, as 
half the whole velocity to the increment of the velocity of the 
body falling by the unequable force; and in like manner the 
area PQRD to the area DRSE as half the whole velocity to 
the increment of the velocity of the body falling by the uni- 
form force ; and fince thofe increments (by reafon of the equa- 
lity of the nafcent times) are as the generating forces, that is, 
as the ordi nates DF, DR, and confequently as the nafcent 
areas DFGE, DRSE ; therefore, ex aquo, the whole areas 
ABFD, PQRD will be to one another as the halves of the 
whole velocities; and therefore, becaufe the velocities are 
equal, they become equal alfo. 

Cor. 2. Whence if any body be projected either upwards 
or downwards with a given velocity from any place D, and 
there be given the law of centripetal force acting on it, its ve- 
locity will be found in any other place, as e, by erecting the 
ordinate eg, and taking that velocity to the velocity in the 
place D as a Tight line whofe fquare is equal to the rectangle 
PQRD, either increafed by the curvilinear area DFge, if the 
place* e is below the place D, or diminiflied by the fame area 
DFge, if it be higher, is to the right line whofe fquare is equal 
to the rectangle PQRD alone. 
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Cor. 3. The time is alfo known by erecting the ordinate 
em reciprocally, proportional to the fqu are root of PQRD + or 
— DFge, and taking the time in which the body has defcrib- 
ed the line De to the time in which another body has fallen 
with an uniform force from P, and in falling arrived at D 
in the proportion of the curvilinear area DLme to the 
rectangle 2PD x DL. For the time in which a body 
falling with an uniform force hath defcribed the line PD, is 
to the time in which the fame body has defcribed the line 
PE in the fubduplicate ratio of PD to PE; that is (the very 
fmall line DE being jull nafcent), in the ratio of PD to PD 
+ *DE, or 2PD to 2PD + DE, and, by divifion, to the 
time in which the body hath defcribed the fmall line DE, as 
2PD to DE, and therefore as the rectangle 2PD x DL to 
the area DLME; andr the time in which both the bodies 
defcribed the very fmall line DE is to the time in which the 
body moving unequably hath defcribed the line De as the 
area DLME to the area DLme; and, ex aquo, the firfl men- 
tioned of thefe times is to the laft as the rectangle $PD x DL 
to the area DLme. 

SECTION VIII. 
Of the invention of orbits wherein bodies will revolve, being 
acled upon by any fort of centripetal force. 

PROPOSITION XL. THEOREM XIII. 
Jf a body, acled upon by any centripetal force, is any how moved, 

and another body afcends or defcends in a right line, and 
their velocities be equal in any one cafe of equal altitudes, 
their velocities will be alfo equal at all equal altitudes. 
Let a body delcend from A (PI. 17, Fig. 3) through D 
and E, to the centre C; and let another body move from V 
in the curve line VIKk. From the centre C, with any 
diftances, defcribe the concentric circles DI, EK, meeting 
the right line" AC in D and E, and the curve VIK in I and K. 
Draw IC meeting KE in N, and on IK let fall the perpen- 
dicular NT; and let the interval DE or IN between the cir- 
cumferences of the circles be very fmall ; and imagine the 
bodies in D and I to have equal velocities. Then becaufe 
the diftances CD and CI are equal, the centripetal forces in 
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D and I will be alfo equal. Let thofe forces be expreffed 
by the equal lineolae DE and IN; and let the force IN (bv 
cor. 2 of the laws of motion) be refolved into two others, NT 
and IT. Then the force NT a&ing in the direction of the 
line NT perpendicular to the path ITK of the body will not 
at all affect or change the velocity of the body in that path, 
but only draw it afide from a rectilinear courfe, and make ft 
deflect perpetually from the tangent of the orbit, and proceed 
in the curvilinear path ITKk. That whole force, therefore, 
will be fpent in producing this effect; but the other force 
IT, acting in the direction of the courfe of the body, will be 
all employed in accelerating it, and in the leaft given time 
will produce an acceleration proportional to itfelf. There- 
fore the accelerations of the bodies in D and I, produced in 
equal times, are as the lines DE, IT (if we take the firft ratios 
of the nafcent lines DE, IN, IK, IT, NT); and in unequal 
times as thofe lines and the times conjunctly. , But the times 
in which DE and IK are defcribed, are, by reafon of the 
equal velocities (in D and I) as the fpaces defcribed DE and 
IK, and therefore the accelerations in the courfe of the bodies 
through the lines DE and IK are as DE and IT, and DE and 
IK conjunctly; that is, as the fquare of DE to the rectangle 
IT into IK. But the rectangle IT x IK is equal to the 
fquare of IN, that is, equal to the fquare of DE; and there- 
fore the accelerations generated in the paflage of the bodies 
from D and I to E and K are equal. Therefore the velocities 
of the bodies in E and K are alfo equal: and by the fame 
reafon ing they will always be found equal in any fubfequent 
equal diftances. Q.E.D. 

By the fame reafoning, bodies of equal velocities and equal 
diftances from the centre wiil be equally retarded in their 
afcent to equal diftances. Q.E.D. 

Cor. 1. Therefore if a body either ofcillates by hanging 
to a firing, or by any poliftied and perfectly fmooth impedi- 
ment is forced to move in a curve line; and another body 
afcends or defcends in a right line, and their velocities 
be equal at any one equal altitude, their velocities will 
be alfo equal at all other equal altitudes. For, by the 
firing of the pendulous body, or by the inpediment of a veflcl 
Vol. I. I 
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perfectly fmooth, the fame thing will be effected as by the 
tranfverfe force NT. The body is neither accelerated nor 
retarded by it, but only is obliged to quit its rectilinear courfe. 

Cor. 2. Suppofe the quantity P to be the greatefl diflance 
from the centre to which a body can afcend, whether it be 
ofcillating, or revolving in a trajectory, and fo the fame pro- 
jected upwards from any point of a trajectory with the velc- 
locity it has in that point. Let the quantity A be the diflance 
of the body from the centre in any other point of the orbit; 
and let the centripetal force be always as the power A n — * 
of the quantity A, the index of which power n — 1 is any 
number n diminiftied by unity. Then the velocity in every 
altitude A will be as V p» — A B , and therefore will be given. 
For by prop. 39, the velocity of a body afcending and descend- 
ing in a right line is in that very £atio. 

PROPOSITION XLI. PROBLEM XXVIII. 
Suppofwg a centripetal force of any kind, and granting the 

quadratures of curvilinear figures, it is required to find as 

well the trajt clories in xehich bodies will move, as the times 

of their motions in the trajectories found. 

Let any centripetal force tend to the centre C (PI. 17> Fig. 
4), and let it be required to find the trajectory VIKk. Let 
there be given the circle VR, defcribed from the centre C 
with any interval CV; and from the fame centre defcribe any 
other circles ID, KE cutting the trajectory in I and K, and 
the right line CV in D and E. Then draw the right line 
CNIX cutting the circles KE, VR in N and X, and 
the right line CKY meeting the circle VR in Y. Let 
the points I and K be indefinitely near; and let the body 
go on from V through I and K to k ; and let the point A be 
the place from whence another body is to fall, fo as in the 
place D to acquire a velocity equal to the velocity of the 
firft body in I. And things remaining as in prop. 39, the 
lineolse IK, defcribed in the leaft given time, will be as the 
velocity, and therefore as the right line whofe fquare is equal 
to the area {ABFD, and the triangle ICK proportional to the 
time will be given, and therefore KN will be reciprocally as 
the altitude IC ; that is (if there be given any quantity Q, 

■ 
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Q 

and the altitude IC be called A), as This quantity ~ call 

A A 

Z, and fuppofe the magnitude of Q to be fuch that in fome 

cafe </ABFD may be to Z as IK to KN, and then in all 

cafes V ABFD will be to Z as IK to KN, and ABFD 

to ZZ as IK* to KN*, and by divifion ABFD — ZZ to 

ZZ as IN 1 to #N*, and therefore -/ABFD — ZZ to Z, or 
O 

j- as IN tosfJCN; and therefore A x KN will be equal to 

^ X * • Therefore fince YX x XC is to 

V ABFD & ZZ 

A x KN a^CX 1 to A A, the re&angle XY x XC will be 

, . x IN x CX* p . 

equal to -^—r — - Inerefore in the perpendi- 

4 £A V ABFD — ZZ 
cular DIj *let there be taken continually Db, Dc equal to 
MQ Q x CX * . 

^-v/"aB>D — ZZ~' 2AA V ABFD — ZZ "^P^tel* 
and let the curve lines ab, ac, the foci of the points b and c, 
be deferred : and from the point V let the perpendicular 
Va be ere&ed to the line AC, cutting off the curvilinear areas 
VDba, VDca, and let the ordinates Ez, Ex, be ere&ed alfo. 
Then becaufe the rectangle Db x IN or DbzE is equal to 
half the re&angle A x KN, or to the triangle ICK; and the 
re&angle Dc x IN or DcxE is equal to half the re&angle 
YX X XC, or to the triangleXCY; that is,becaufe the nafcent 
particles DbzE, ICK of the areasVDba,VIC are always equal; 
and the nafcent particles DcxE, XCY of the areas VDca, 
VCX are always equal; therefore the generated area VDba 
will be equal to the generated area VIC, and therefore pro- 
portional to the time; and the generated area VDca is equal 
to the generated fe&or VCX. If, therefore, any time be 
given during which the body has been moving from V, 
there wiU be alfo given the area porportional to it VDba; and 
thence will be given the altitude of the body CD or CI; and 
the area VDca, and the fe&or VCX. equal thereto, together 
with its angle VCI. But the angle VCI, and the altitude CI 
being given, there is alfo given the place I, in which the 
body will be found at the end of that time. Q.E.I. 

I 2 
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Cor. 1. Hence the greateft and leaft altitudes of the 
bodies, that is, the apfidesof the trajectories, may be found very 
readily. For the apfides are thofe points in which a right 
line IC drawn through the centre falls perpendicularly upon the 
trajectory VI K; which comes to pafs when the right lines 
IK and NK become equal; that is, when the area ABFD is* 
equal to ZZ. 

Cor. 2. So alfo the angle KIN, in which the trajectory 
at any place cuts the line IC, may be readily found by the 
given altitude IC of the body : to wit, by making the fine of 
that angle to radius as KN to IK ; that is, as Z to the fquare 
root of the area ABFD. 

Cor. 3. If to the centre C (PI. J 7, Fig. 5), and the prin- 
cipal vertex V, there be defcribed a conic fection VRS; and 
from any point thereof, as R, there be drawn the tangent RT 
meeting the axis CV indefinitely produced in the point T ; 
and then joining CR there be drawn the right line CP, 
equal to the abfcifla CT, making an angle VCP proportional 
to the fector VCR ; and if a centripetal force, reciprocally pro* 
portional to the cubes of the diftances of the places from the 
centre, tends to the centre C; and from the place V there 
fets out a body with a juft velocity in the direction of a line 
perpendicular to the right line CV ; that body will proceed in 
a trajectory VPQ, which the poiut P will always touch; and 
therefore if the conic fection VRS be an hyperbola, the bodv 
will defcendto the centre; but if it be an ellipfis, it will afcend 
perpetually, and go farther and farther off in infinitum. And, 
on the contrary, if a body endued with any velocity goes off 
from Jthe place V, and according as it begins either to defcend 
obliquejy to the centre, or afcends obliquely from it, the figure 
VRS be either an hyperbola or an ellipfis, the trajectory may 
be found by increanng or diminifhing the angle VCP in a 
given ratio. And the centripetal force becoming centrif ugal, 
Uie body will afcend obliquely in the trajectory VPQ, which 
is found by taking the angle VCP proportional to the elliptic 
fector VRC, and the length CP equal to the length CT, as 
before. All thefe things follow from the foregoing proportion, 
by the quadrature of a certain curve, the invention of which, as 
being eafy enough, Ibr brevity's fcike, I omit. 

. - 



Digitized by LjOO^le 



Seel. VIII. OF NATURAL PHILOSOPHY. 117 

PROPOSITION XLII. PROBLEM XXIX. 
The law of centripetal force being given, it is required to find 

the motion of a body fetting out from a given place, zcith 

a given velocity, in the direclion of a given right line. 

Suppofe the lame things as in the three preceding propo- 
rtions; and let the body go off from the place I (PI. 17* Fig. 
6) in the direction of the little line IK, with the fame velo- 
city as another body, by falling with an uniform centripetal 
force from the place P, may acquire in D; and let this uni- ' 
form force be to the force with which the body is at firft 
urged in I, as DR to DF. Let the body go on towards k; 
and about the centre C, with the interval Ck, defcribe the 
circle ke, meeting the right line PD in e, and let there 
be erected the lines eg, ev, ew, ordinately applied to 
the curves BFg, abv, acw. From the given rectangle PDRQ 
and the given Jaw of centripetal force, by which the firil 
body is acted on, the curve line BFg is alfo given, by the 
conftruction of prop. 27, and its cor. 1. Then from the 
given angle CIK is given the proportion of the nafcent lines 
IK, KN; and thence, by the conftruction of prob. 28, there 
is given the quantity Q, with the curve lines abv, acw; and 
therefore, at the end of any time Dbve, there is given both 
the altitude of the body Ce or Ck, and the area Dcwe, with 
the fector equal to it XCy, the angle ICk, and the place k, in 
which the body will then be found. Q.E.I. 

We fuppole in thefe proportions the centripetal force to 
vary in its recefs from the centre according to fome law, 
which any one may imagine at pleafure; but at equal dis- 
tances from the centre to be every where the fame. 

I have hitherto confidered the motions of bodies in im- 
movable orbits. It remains now to add fomething concern- 
ng their motions in orbits which revolve round the centres 
of force. 

SECTION IX * 
Of the motion of bodies in moveable orbits; and of the motion 

of the apfides. 

* On the fubject of the ninth Section the leader may confult an excellent " Memoir 
on the Inverfe Method of Central Forces/' by that profoundly great and juftlycele 
prated Mathematician, Dr. Dawfon, of Sedbergh, in Yorklhire. ■ , . / £ J ' : 

tllu ^ > ; rU i/~ />':• •• a - j-j?, 5 6 y ~ // 2 )- 
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PROPOSITION XLIII. PROBLEM XXX. 
// is required to make a body more in a trajectory that re" 

voltes about the centre of force in tlu fame manner as ano- 

titer body in the fame trajeclory at reft. 

In the orbit VPK (PI. 18, Fig. 1), given by pofition, let 
the body P revolve, proceeding from V towards K. From 
the centre C let there be continually drawn Cp, equal to CP, 
making the angle VCp proportional to the angle VCP; and 
the area which the line Cp defcribes will be to the area 
VCP, which the line CP defcribesat the fame time, as the 
velocity of the describing line Cp to the velocity of the de- 
ferring line CP; that is, as the angle VCp to the angle VCP, 
therefore in a given ratio, and therefore proportional to the 
time. Since, then, the area deforibed by the line Cp in aa 
immovable plane is proportional to the time, it is manifdl 
that a body, being acted upon by a juft quantity of centripetal 
force, may revolve with the point p in the curve line which 
the fame point p, by the method juft now explained, may be 
madeto defcribe in an immovable plane. Make the angle 
VCu equal to the angle PCp, and the line Cu equal to CV, 
and the figure uCp equal to the figure VCP, and the body 
being always in the point p, will move in the perimeter of the 
revolving figure uCp, and will defcribe its (revolving) arc 
up in the fame time that, the other body P defcribes 
the fimilar and equal arc VP in the quiefcent figure 
VPK. Find, then, by cor. 5, prop. 6, the centripetal force 
by which the body may be made to revolve in the curve line 
which the point p defcribes in an immovable plane, and the 
problem will be folved. Q.E.F. 

PROPOSITION XLIV. THEOREM XIV. 
The difference of the forces, by which two bodies may be made 

to move equally ', one in a quiefcent, the other in the fame or* 

bit revolving, is in a triplicate ratio of their common alti* 

tudes inverfely. 

Let the parts of the quiefcent orbit VP, PK (PL 18, Fig. 
2), be fimilar and equal to the parts of the revolving orbit up, 
pk ; and let the diftance of the points P and K be fuppofedof 
the utmoft final lnefs. Let fall a perpendicular kr from the 
point k to the right line pC, and produce it to m, fo that mr 
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may be to kr as the angle VCp to the angle VCP. Becaufe 
the altitudes of the bodies PC and pC, KC and kC, are al- 
ways equal, it is manifeft that the increments or decrements 
of the lines PC and pC are always equal ; and therefore if 
each of the feveral motions of the bodies in the places P and 
p be refolved into two (by cor. fi of the laws of motion), one 
of which is directed towards the centre, or according to the 
lines PC, pC, and the other, tranfverfe to the former, hath 
a direction perpendicular to the lines PC and pC ; the mo- 
tions towards the centre will be equal, and the tranfverfe mo- 
tion of the body p will be to the tranfverfe motion of the body 
P as the angular motion of the line pC to the angular mo- 
tion of the line PC ; that is, as the angle VCp to the angle 
VCP. Therefore, at the fame time that the body P, by both 
its motions, comes to the point K, the body p, having an equal 
motion towards the centre, will be equally moved from p to- 
wards C ; and therefore that time being expired, it will be 
found foraewherc in the line mkr, which, pafling through the 
point k, is perpendicular to the line pC ; and by its tranfverfe 
motion will acquire a diftance from the line pC, that will be 
to the diftance which the other body P acquires from the line 
PC as the tranfverfe motion of the body p to the tranfverfe 
motion of the other body P. Therefore fxnce kr is equal to 
the diflance which the body P acquires from the line PC, and 
mr is to kr as the angle VCp to the angle VCP, that is, as the 
traufverfe motion of the body p to the tranfverfe motion of 
the body P, it is manifeft that the body p, at the expiration 
of that time, will be found in the place m. Thefe things will 
be fo, if the bodies p and P are equally moved in the di- 
rections of the lines pC and PC, and are therefore urged with 
equal forces in thofe directions. But if we take an angle pCn 
that is to the angle pCk as the angle VCp to the angle VCP, 
and nC be equal to kC, in that cafe the body p at the expi- 
ration of the lime will really be in n ; and is therefore urged 
with a greater force than the body P, if the angle nCp is 
greater than the angle kCp, that is, if the orbit upk move 
either in confequeniia> or in antecedeutia, with a celerity greater 
than the double of that with which the line CP moves in con- 

I 4 
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fequentia ; and with a lefs force if the orbit moves flower in 

antecedentia. And the difference of the forces will be as the 

interval mn of the places through which the body would be 

carried by Ihe action of that difference in that given fpace of 

time. About the centre C with the interval Cn or Ck fup- 

pofe a circle defcribed cutting the lines inr, mn produced in 

s and t, and the rectangle mn X mt will be equal to the 

re&angle mk X ms, and therefore mn will be equal to 

ink X ms _ . , ^, ^ 

— — • But fince the triangles pCk, pCn, in a given 

time, are of a given magnitude, kr and mr, and their differ- 
ence mk, and their fum ms, are reciprocally as the altitude 
pC, and therefore the reclangle mk x ms is reciprocally as 
the fquare of the altitude pC. But, moreover, mt is direcily 
as 4mr, that is, as the altitude pC. Thefe are the firfl ratios 

of the nafcent lines ; and hence 111 ^ * m % that is, the na- 

' mt 

fcent lineolae mn/and the difference of the forces proportional 

thereto, are reciprocally as the cube of the altitude pC. 

Q.E.D. 

Cor. 1. Hence the difference of the forces in the places 

P and p, or K and k, is to the force with which a body may 

revolve with a circular motion from R to K, in the fame time 

that the body P in an immovable orb defcribes the arc PK y 

as the nafcent line mn to the verfed fine of the nafcent arc 

r* Tr t . mk x ms rk* . . 

RK, that is, as — — to -77^ or as mk X ms to the 

mt zkKj 

fquare of rk ; that is, if we take given quantities F and G in 
the fame ratio to one another as the angle VCP hears to the 
angle VCp, as GG — FF to FF. And, therefore, if from the 
centre C, with any difiance CP or Cp, there be defcribed a cir- 
cular fec~lor equa) to the whole area VPC, which the body re- 
volving in an immovable orbit has by a radius drawn to the 
centre defcribed in any certain time, the difference of the 
forces, with which the body P revolves in an immovable or- 
bit, and the body p in a moveable orbit, will be to the centri- 
petal force, with which another body by a radius drawn to 
Ihe centre can uniformly defcribe that fe&or in the fame time 
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as the area VPC is defcribed, as GG — FF to FF. For that 
fe&or and the area pCk are to one another as the times in 
which they are defcribed. 

Cor. 2. If the orbit VPK he an ellipfis, having its focus C, 
and its higheft apfis V, and we fuppofe the ellipfis upk fimilar 
and equal to it, lb that pC may be always equal to PC, and 
the angle VCp be to the angle VCP in the given ratio of G 
to F; and for the altitude PC or pC we put A, and 2R for the 
latusre&um of the ellipfis, the force with which a body may 

FF 

be made to revolve in a moveable ellipfis will be as -j^- -f 

~~T5 and vice verfa. Let the force with which a 

body may revolve in an immovable ellipfis be exprefled by 

FF FF 
the quantity and the force in V will be -gyr* But the 

force with which a body may revolve in a circle at the dif- 
tance CV, with the fame velocity as a body revolving in an 
ellipfis has in V, is to the force with which a body revolving in 
an ellipfis is acled upon in the apfis V, as half the latus tectum 
of the ellipfis to the femi-diameter CV of the circle, and 

RFF 

therefore is as -gyr; and the force which is to this, as GG 

__ . RGG — RFF , i . - 
— FF to FF,isas g^- : and this force (by cor. I 

of this prop.) is the difference of the forces in V, with which 
the body Prevolves in theimmovableellipfisVPK,and the body 
p in the moveable ellipfis upk. Therefore fince by this prop, 
that difference at any other altitude A is to itfelf at the altitude 
1 1 

as to ^yi> the fame difference in every altitude A will 

. RGG — RFF _ c , . FF , ... 
be as j5 • Therefore to the force -j-^j by which 

the body may revolve in an immovable ellipfis VPK, add the 
RGG — RFF 

excefs -r^ , and the fum will be the whole force 

FF RGG — RFF - . . 

—.-j. ^ by which a body may revolve in the 

fame time in the moveable ellipfis upk. 
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Cob. 3. In the fame manner it will be found, that, if the 

immovable orbit VPK be an ellipfis having its centre in the 

centre of the forces C, and there be fuppofed a moveable el- 

lipfis upk, iimilar, equal, and concentrical to it; and sR be 

the principal latus rectum of that ellipfis, and 2T the latus 

tranfverfum, or greater axis; and the angle VCp be continually 

to the angle VCP as G to F; the forces with which bodies 

may revolve in the immovable and moveable ellipfis, in equal 

•11 , FFA FFA RGG — RFF r 
times, will be as -^p- and —7^5- + refpec- 

tively. 

Cob. 4. And univerfally, if the greateft altitude CV of the 
body be called T, and the radius of the curvature which the 
orbit VPK has in V, that is, the radius of a circle equally curve, 
be called R, and the centripetal force with which a body may 
revolve in any immovable trajectory VPK at the place V be 
VFF 

called ~?pjr> an « i n other places P be indefinitely ftyled X ; 

and the altitude CP be called A, and G be taken to F in the 
given ratio of the angle VCp to the angle VCP ; the centripe- 
tal force with which the fame body will perform the fame mo- 
tions in the fame time in the fame trajectory upk revolving 
with a circular motion, will be as the fum of the forces X + 
VRGG — VRFF 
" A 1 * 

Cor. 5. Therefore the motion of a body in an immovable 
orbit being given, its angular motion round the centre of the 
forces may be increafed or diminifhed in a given ratio; and 
thence new immovable orbits may be found in which bodies 
may revolve with new centripetal forces. 

Cob. 6. Therefore if there be ereded (PI. 18, Fig. 3) the 
line VP of an indeterminate length, perpendicular to the line 
CV given by pofition, and CP be d>awn, and Cp equal to it, 
making the angle VCp having a given ratio to the angle VCP, 
the force with which a body may revolve in the curve line 
Vpk, which the point p is continually defcribing, will be reci- 
procally as the cube of the altitude Cp. For the body P, by 
its vis inertia alone, no other force impelling it, will proceed 
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uniformly in the right line VP. Add, then, a force tending to 
the centre C reciprocally as the cube of the altitude CP or Cp, 
and (by what was juft demonitraied) the body will deflect from 
the rectilinear motion into the carve line Vpk. But this 
curve Vpk is the fame with the curve VPQ found in cor. 3, 
prop. 41, in which, I faid, bodies attracted with fuch forces 
would afcend obliquely. 

PROPOSITION XLV. PROBLEM XXXI. 
2b find the motion of the apfides in orbits approaching vtrtf 

near to circles. 

This problem is folved arithmetically by reducing the orbit, 
which a body revolving in a moveable ellipfis (as in cor. £ and 
S of the above prop.) defcribea in an immovable plane, to the 
figure of the orbit whofe apfides are required; and then feek- 
ing the apfides of the orbit which that body defcribes in 
an immovable plane. But orbits acquire the fame figure, if 
the centripetal forces with which they are defcribed, compar- 
ed between themfelves, are made proportional at equal alti- 
tudes. Let the point V be the higheft apfis, and write T for 
the greateft altitude CV, A for any other altitude CP or Cp, 
and X for the difference of the altitudes CV — CP,* and the 
force with which a body moves in an ellipfis revolving about 

FF 

its focus C (as in cor. 2), and which in cor. 2 was as -f 

RGG — RFF . FFA + RG G — RFF . r kA . , 
j that is, as — j by fubftitut- 

• rp V f a in. RGG — RFF + TFF — FFX 
ing T — X tor A, will become as -jg 

In like manner any other centripetal force is to be reduced to 
, a fraction whofe denominator is A 3 , and the numerators are 
to be made analogous by collating together the homologous 
terms. This will be made plainer by examples. 

Example 1. Let us fuppofe the centripetal force to 

A 3 

be uniform, and therefore as ^> or, writing T — X 

r : . . K T 3 — 3TTX + 3TXX — X s 

for A in the numerator, as ^ 
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T»— sTTX + sTXX — X 3 ... . _ , 
• Then collating together the 

correfpondent terms of the numerators, that is, thofe that 
confift of given quantities' with thole of given quantities, 
and thofe of quantities not given with thofe of quantities not 
given, it will become RGG — RFF + TFF to T 3 as — FFX 
to — STTX + 3TXX — X 3 ,or as — FF to — 3TT + STX 
— XX. Now fince the orbit is fuppofed extremely near to 
a circle, let it coincide with a circle ; and becaufe in that cafe 
R and T become equal, and X is infinitely diminifhed, the 
laft ratios will be, as RGG to T 3 , fo — FF to — 3TT, or as 
GG to IT, fo FF to STT; and again, as GG to FF, fo TT to 
STT, that is, as 1 to 3; and therefore G is to F, that is, the 
angle VCp to the. angle VCP, as 1 to */3. Therefore fince 
the body, in an immovable ellipfis, in descending from the 
upper to the lower apfis, defcribes an angle, if I may fo fpeak, 
of 180 deg., the other body in a moveable ellipfis, and there* 
fore in the immovable orbit we are treating of, will, in its de- 
fcent from the upper to the lower apfis, defcribe an angle 
180 

VCp of — - deg. And this comes to pafs by reafon pf the 

likenefs of this orbit which a body a&ed upon by an uniform 
centripetal force defcribes, and of that orbit which a body 
performing itsr circuits in a revolving ellipfis will defcribe in a 
quiefcent plane. By this collation of the terms, thefe orbits 
are made fimilar; not univerfally, indeed, but then only when 
they approach very near to a circular figure. A body, there- 
Tore, revolving with an uniform centripetal force in an orbit 

180 

nearly circular, will always defcribe an angle of deg., or 

103 deg., 55 m., 23 fee, at the centre; moving from the'upper 
apfis to the lower apfis when it has once defcribed that angle, 
and thence returning to the upper apfis when it has defcribed 
that angle again; and lb on in infinitum. 

Exam. 2. Suppofe the centripetal force to be as any power 

A" 

of the altitude A, as, for example, A 8 — 1 , or -^5; where n — 3 
and n fignify any indices of powers whatever, whether inte- 
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gers or fractions, national or furd, affirmative or negative. 

That numerator A n or T — X| B being reduced to an indeter- 
minate feries by my method of converging feries, will become 

T n — nXT»-« + ""7" X XT— \ &c. And conferring 

thefe terms with the terms of the other numerator RGG — 
RFF + TFF — FFX, it becomes as RGG — RFF + TFF 

to T\ fo — FF to — nT n -' + ""T"" XT"—*, &c And 

taking the laft ratios where the orbits approach to circles, it 

becomes as RGG to T", fo — FF to — nT n — or as GG to 

T°-»,fo FFto nT n — and again, GG to FF, fo T«-* to 

nT n — *, that is, as I to n ; and therefore G is to F, that is, the 

angle VCp to the angle VCP, as 1 to </n. Therefore fince 

the angle VCP, defcribed in the defcent of the body from the 

upper apfis to the lower apfis in an ellipfis, is of 180 deg., the 

angle VCp, defcribed in the defcent of the body from the tip* 1 

per apfis to the lower apfis in an orbit nearly circular which 

a body defcrib.es with a centripetal force proportional to the 

-i» : 1 80 

ppwer;A° ~V -will be equal to an angle of deg., and this 

angle being repeated, the body will return from the lower to 
the upper apfis, and fo *>n in infinitum. As if the centripetal 
force be as the diliance of the body from the centre, that is, 
A 4 

as A, or -jjj n will be equal to 4, and \fn equal t6 2; and 
therefore the angle between the upper and the lower apfis 

' \ i 1 Q() •' i 

be equal to — deg., or 90 deg. Therefore the body' 

having performed a fourth part of one revolution, will arrive at 

the lower apfis, and Tiaviog performed another fourth part, 

will arrive at the upper aplis, and fo on by turns in infinitum} 

This appears alfti from prop. 10. For a body acled on by 

this centripetal <force will revolve rn an immovable ellipfis; 

whole centre is the centre, of force. If the centripetal force 

• 1 A*; 

is reciprocally as the diftance, that is, direclly as or -r- a t ; 

* » • . " A ■ A * 

n will be equal to 2 ; and therefore the angle between the up- 
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180 

per and lower apfis will be deg., or 127 deg., 16 min., 

45 fee. ; and therefore a body revolving with fuch a force, will, 
by a perpetual repetition of this angle, move alternately froni 
the upper to the lower and from the lower to the upper apfis 
forever. So, alfo, if the centripetal force be reciprocally as the 
biquadrate root of the eleventh power of the altitude, that is, 

reciprocally as A «~> and, therefore, directly as or a* 

A ' 1 80 

~> n will be equal to J, and — ■ deg. will be equal to S60 

deg.; and therefore the body parting from the upper apfis, and 
from thence perpetually defeending, will arrive at the lower 
apfis when it has completed one entire revolution; and thence 
afcending perpetually> when it has completed another entire 
revolution, it will arrive again at the upper apfis; and fo alter- 
nately for ever. 

Exam. 3. Taking m and n for any indioes of the 
powers of the altitude, and b and c for any given num* 

bA ra + cA n 

bers, fuppofe the centripetal force to be as , that is, 

b into f^oqm c into T^X|° . . . , e 
as 1 or^by the method of con verg- 

. A. 

. , . , . . bT» + cT n -inbXT— « ncXT 0 -* 
ing fenes above-mentioned) as 

• 1 * . / 



+ mm g m bXXT— + 5^-5 c3£XT»-% &c. and com- 

paring the terms of the numerators, there will arife RGG — 
'RFF + TFF to bT™ + cT° as— FF to — mbT a - , — 

ncT n_. + 21^^ bX T»-+^^cXT--%&c. And 

taking the laft ratios that arife when the orbits come to a cir- 
cular form, there will come forth GG to bT* — ' + cT» — ' as 
FF tombT m — '+ncT n — *; and again, GG to FF as bT - * 
+ cT*"-* 1 to mbT*-** 1 -+■ ncT n — V This proportion, by ex- 
prefling the greateft altitude CV or T arithmetically by unity, 
becomes, GG to FF as b + c to mb + nc, and therefore as 1 

■ 
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« 

to m l* "*" , nc « Whence G becomes to F, that is, the angle 
b + c 

VCp to the angle VCP, as I to V ^^" 0 * And therefore 

fince the angle VCP between the upper and the lower apfis, 
in an immovable ellipfis, is of 1 80 deg., the angle VCp be- 
tween the fame apfides in an orbit which a body defcribes with 

, r i t>A m + c A n .„ , , 
a centripetal force, that is, as ji , will be equal to an 

b -4- c 

angle of 180 ^ mD ^. nc de g- And b y the fame reafoning, if 

the centripetal force be as — "^r~ -> the angle between the 

b c 

apfides will be found equal to 180 V ^ ^ deg. After the 

fame manner the problem is folved in more difficult cafes. 
The quantity to which the centripetal force is proportional 
muft always be refolved into a converging feries whofe deno- 
minator is A*. Then the given part of the numerator arifing 
from that operation is to be fuppofed in the fame ratio to that 
part of it which is not given, as the given part of this nume- 
rator RGG — RFF + TFF — FFX is to that part of the 
fame numerator which is not given. And taking away the 
fuperfluous quantities, and writing unity for T, the proportion 
Of G to F is obtained. 

Cor. 1. Hence if the centripetal force be as any power of 
the altitude, that power may be found from the motion of 
the apfides ; and fo con trari wife. That is, if the whole an- 
gular motion, with which the body returns to the fame apfis, 
be to the angular motion of one revolution, or 3f>0 deg., as 
any number as m to another as n, and the altitude called A ; 

on 

the force will be as the power A — — 3 of the altitude A ; 

the index of which power is — 3. This appears by the fe- 

cond example. Hence it is plain that the force in its recefe 
from the centre cannot decreafe in a greater than a triplicate 
ratio of the altitude. A body revolving with fuch a force, and 
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parting from the apfis, if it once begins to defcend, can never 
arrive at the lower apfis or lead altitude, but will defcend to 
the centre, deferibing the curve line treated of in cor. 3, prop. 
4 1 . But if it fhould, at its parting from the lower apfis, begin 
to afcend never fo little, it will afcend tit infinitum, and never 
come lo the upper apfis; but will defcribe the curve line 
fpoken of in the fame cor., and cor. 6, prop. 44. So that 
where the force in its recefs from the centre decreafes in a 
greater than a triplicate ratio of the altitude, the body, at its 
parting from the apfis, will either defcend to the centre, or 
afcend in infinitum, according as it defcends or afcends at the 
beginning of its motion. But if the force in its recefs from 
the centre either decreafes in a lefs than a triplicate ratio of 
the altitude, or increaies in any ratio of the altitude whatfo- 
ever, the body will never defcend to the centre, but will at 
fome time arrive at the lower apfis ; and, on the contrary, if 
the body alternately afcending and defcending from one apfis 
to another never comes to the centre, then either the force 
increases in the recefs from the centre, or it decreafes in a lefs 
than a triplicate ratio of the altitude; and the fooner the 
body returns from one apfis to another, the farther is the ratio 
of the farces from the triplicate ratio. As if the body fhould 
o-eUirn to and from the upper apfis by an alternate defcent 
and afcent in 8 revolutions, or in 4, or 2, or J -J; that is, if m 
fhould be to n as 8, or 4, or 2, or to 1, and therefore 

—3 be ^ — • 3, or tV — 3, or * — 3, or f— 3 ; then 

mm 

the force will be as A ^ — 3, or A-J y — 3, or A £ — 3, or 
A£ — 3; that is, it will be reciprocally as A 3 — fa or 
A 3 — fa or A 3 —J, or A 3 — If the body after each 
revolution returns to the fame apfis, and the apfis remains un- 
moved, then m will be to n as 1 to 1, and therefore A j ~~- — 3 

will be equal to A — 2 , or -j^tj . and therefore the decreafe 

of the forces will be in a duplicate ratio of the altitude ; as 
was demonftrated above. If the body in three fourth parts, 
Or two thirds, or one third, or one fourth part of an entire 
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revolution, return to the fame apfis; m will be to n as } or 

4 no i£.-_*.3 

J or i or i to 1, and therefore A — — 3 is equal to A 



9—3 9 — 3 16 M 3 

or A T , or A , or A and therefore the force is 

either reciprocally as A or A , or directly as A or A • 
Laftly, if the body in its progrefs from the upper apfis to the. 
fame upper apfis again, goes over one entire revolution and 
three deg. more, and therefore that apfis in each revolution of 
the body moves three deg. in confequentia ; then m will be to 
n as 363 deg. to 360 deg.. or as 121 to 120, and therefore 

A — — 3 will be equal to A TT5Tr > and therefore the cen- 

tripetal force will be reciprocally as A * or recipro- 
cally as A 2 T **very nearly. Therefore the centripetal force 
decreafes in a ratio fomething greater than the duplicate ; but 
approaching 59i times nearer to the duplicate than the tri- 
plicate. 

Cor. 2. Hence alfo if a body, urged by a centripetal force 
which is reciprocally as the fquare of the altitude, revolves in 
an ellipfis whofe focus is in the centre of the forces ; and a 
new and foreign force fhould be added to or fubducled from 
this centripetal force, the motion of the 'apfides arifing from 
that foreign force may (by the third example) be known ; 
and fo on the contrary. As if the force with which the body 

revolves in the ellipfis be as ~^ ; and the foreign force fub- 

A — cA 4- 

dueled as cA, and therefore the remaining force as — p — ; 

then (by the third exam.) b will be equal to 1, m equal to 1, 
and n equal to 4 ; and therefore the angle of revolution be- 

\ Q 

tweenthe apfides is equal to 180\/j— — deg. Suppofe that 

foreign force to be 357.45 parts lefs than the other force with 
which the body revolves in the ellipfis ; that Is, c to be yHrr ; 

1 c 

A or T being equal to 1; and then \Q0\f - t- will be 180 

Vol, I. K 
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VHrHorl 80.7623, that is, ISO deg., 45 min.,44 fee. There- 
fore the body, parting from the upper apfis, will arrive at the 
lower apfis with an angular motion of 180 deg., 45 min., 44 
fee. and this angular motion being repeated will return to the 
upper apfis ; and therefore the upper apfis in each revolution 
will go forward 1 deg., 31 m., 28 fee. The apfis of the moon 
is about twice as iwift. 

So much for the motion of bodies in orbits whofe planes 
pafs through the centre of force. It now remains to deter- 
mine thofe motions in eccentrical planes. For thole authors 
who treat of the motion of heavy bodies ufed to coniider the 
afcent and defcent of fuch bodies, not only in a perpendicular 
direction, but at all degrees of obliquity upon any given 
planes ; and for the fame reafon we are to confider in this 
place the motions of bodies tending to centres by means of 
any forces whatsoever, when thofe bodies move in eccentrical 
planes. Thefe planes are fuppofed to be perfectly fmooth 
and poliihed, fo as not to retard the motion of the bodies in 
the leaft. Moreover, in thefe demonftrations, inftead of the 
planes upon which thofe bodies roll or Aide, and which are 
therefore tangent planes to the bodies, I fliall ufe planes pa- 
rallel to them, in which the centres of the bodies move, and 
by that motion defcribe orbits. And by the fame method I 
afterwards determine the motions of bodies performed in 
curve fuperficies. 

SECTION X. 

Of the motion of bodies in given fuperficies, and of the rcci~ 
procal motion of funependulouS bodies, 

PROPOSITION XLVI. PROBLEM XXXII. 

Any hind of centripetal force being fuppofed, and the centre 

of force, and any plane whatfoever in which the body re- 
volves, being given, and the quadratures of curvilinear 
figures being allowed; it is required to determine the motion 
! of a body going off from a given place, with a given velo- 
city, in the direclion of a given right line in that plane. 
LetS (PI. 18, Fig. 4) be the centre of force, SC the leaft 
diftance of that centre from the given plane, P a body hTuing 
from the place P in the direction of the right line PZ, Q the 
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fame body revolving in its trajectory, and PQR the trajectory 
itfelf which is required to be found, defcribed in that given 
plane. Join CQ, QS, and if in QS we take SV proportional 
to the centripetal force with which the body is attracted to- 
' wards the centre S, and draw VT parallel to CQ, and meet- 
ingSQin T; then will the fotce SV be refolved into two (by 
cor. 6, of the laws of motion), the force ST, and the force 
TV ; of which ST attracting the body in the*direction of a 
line perpendicular to that plane, does not at all change its 
motion in that plane. But the action of the other force TV, 
coinciding with the poiition of the plane itfelf, attracts the 
body directly towards the given point C in that plane ; and 
therefore caufes the body to move in this plane in the fame 
manner as if the force ST were taken away, and the body 
were to revolve in free fpace about the centre C by means of 
the force TV alone. But there being given the centripetal 
force TV with which the body Q revolves in free fpace about 
the given centre C, there is given (by prop. 42) the trajectory 
PQR which the body defcribes ; the place Q, in which the 
body will be found at any given time; and, laftly, the velocity 
of the body in that place Q. And fo £ contra. Q.E.I. 

PROPOSITION XLVI1. THEOREM XV. 
Suppofing the centripetal force to be proportional to the dijlance 

of the body from the centre; all bodies revolving in 

any planes whatfoever will defcribe ellipfes, and complete 

their revolutions in equal times > and thofe which move in 

right lines, running backwards and forwards alternately, 

will complete their feveral periods of going and returning in 

the fame times. 

For letting all things ftand as in the foregoing proportion, 
the force SV, with which the body Q revolving in any plane 
PQR is attracted towards the centre S, is as the diftance SQ; 
and therefore becaufe SV and SQ, TV and CQ are propor- 
tional, the force TV with which the body is attracted towards 
the given point C in the plane of the orbit is as the diftance 
CQ. Therefore the forces with which bodies found in the 
plane PQR are attracted towards the point C, are in propor- 
tion to the dillances equal to the forces with which the fame 
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bodies are attracted every way towards the centre S ; and 
therefore the bodies will move in the fame times, and in the 
fame figures, in any plane PQR about the point C, as they 
* would do in free fpaces about the centre S; and therefore (by 
cor. 2, prop. 10, and cor. 2, prop. 38) they will in equal 
times either defcribe ellipfes in that plane about the centre 
C, or move to and fro in right lines pafling through the cen- 
tre C in that plane ; completing the fame periods of time in 
all cafes. Q.E.D. 

SCHOLIUM. 

The afcent and defcent of bodies in curve fuperficies has a 
near relation to thefe motions we have been fpeaking of. 
Imagine curve lines to be defcribed on any plane, and to re- 
volve about any given axes paffing through the centre of force, 
and by that revolution to defcribe curve fuperficies ; and that 
the bodies move in fuch fort that their centres may be always 
found in thofe fuperficies. If thofe bodies reciprocate to and 
fro with an oblique afcent and defcent, their motions will be 
performed in planes palling through the axis, and therefore 
in the curve lines, by whofe revolution thofe curve fuperficies 
were generated. In thofe cafes, therefore, it will be fufficient 
to confider the motion in thofe curve lines. 

PROPOSITION XLVIII. THEOREM XVI. 
If a wheel Jlands upon the outfide of a globe at right angles 

thereto, and revolving about its own axis goes forward in a 
great circle, the length of the curvilinear path which any 
point, given in the perimeter of the wheel, hath defcribed 
fince the time that it touched the globe (which curvilinear 
path we may call the cycloid or epicycloid), will be to dou- 
ble the verfedfine of half the arc which fince that time has 
touched the globe in paffing over it± as the fum of the dia- 
meters of the globe and the wheel to the femi-diametcr of 
the globe. 

PROPOSITION XLIX. THEOREM XVII. 
If a wheel ftand upon theinfide of a concave globe at right an- 
gle* thereto, and revolving about its own axis go forward in 
one of the great circles of the globe, the length of the curvi- 
linear path which any point, given in the perimeter of the 
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wheel, hath defcribed finct it touched the globe, will be to 
the double of the verfed fine of half the arc which in all that 
time has touched the globe in pajjlng over it, as the difference 
of the diameters of the globe and the wheel to the femi-dia- 
meter of the globe. 

Let ABL (PI. 19, Fig. 1, 2,) be the globe, C its centre, 
BPV the wheel infifting thereon, E the centre of the wheel, * 
B ,the point of contact, and P the given point in the perimeter 
of the wheel. Imagine this wheel to proceed in the great 
circle ABL from A through B towards L, and in its progrefs 
to revolve in fuch a manner that the arcs AB, PB inav be al- 
ways equal the one to the other, and the given point P in the 
perimeter of the wheel may defcribe in the mean time the cur- 
vilinear path AP. Let AP be the whole curvilinear path de- 
fcribed fince the wheel touched the globe in A, and the length 
of this path AP will be to twice the verfed fine of the arc 
4-PB as 2CE to CB. For let the right line CE (produced 
if need be) meet the wheel in V, and join CP, BP, EP, VP; 
produce CP, and let fall thereon the perpendicular VF. Let 
PH, VH, meeting in H, touch the circle in P and V, and 
let PH cut VF in 6, and to VP let fall the perpendiculars 
GI, HK. From the centre C with any interval let there be 
defcribed the circle nom, cutting the right line CP in n, the 
perimeter of the wheel BP in o, and the curvilinear path AP 
in m ; and from the centre V with the interval Vo let there 
be defcribed a circle cutting VP produced in q. 

Becaufe the wheel in its progrefs always revolves about the 
point of contact B, it is manifeft that the right line BP is 
perpendicular to that curve line AP which the point P of the 
wheel defcribes, and therefore that the right line VP will 
touch this curve in the point P. Let the radius of the circle 
nom be gradually increafed Or diminiihed fo that at laft it 
become equal to the diftance CP ; and by reafon of the fimi- 
litude of the evanefcent figure Pnomq, and the figure PFGVI, 
the ultimate ratio of the evanefcent lineoJae Pm, Pn, Po, Pq, 
that is, the ratio of the momentary mutations of the curve 
AP, the right line CP, the circular arc BP, and the right 
line VP, will be the fame as of the lines PV, PF, PG, PI, 
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refpe&ively. But fince VF is perpendicular to CF, and VH 
to CV, and therefore the angles HVG, VCF equal ; and the 
angle VHG (becaufe the angles of the quadrilateral figure 
HVEP are right in V and P) is equal to the angle CEP, the 
triangles VHG, CEP will be fimilar ; and thence rt will come 
• to pafs that as EP is to CE fo is HG to HV or HP, and fo 
KI to KP, and by compofitiou or divifion as CB to CE fo is 
PI to PK, and doubling the confequents as CB to 2CE fo 
PI to PV, and fo is Pq to Pm. Therefore the decrement of 
the line VP, that is, the increment of the line BV — VP to 
the increment of the curve line AP is in a given ratio of CB 
to 2CE, and therefore (by cor. lem. 4) the lengths BV — VP 
and AP, generated by thofe increments, are in the fame ratio. 
But if BV be radius, VP is the cofine of the angle BVP or 
~BEI, and therefore BV — VP is the verfed fine of the fame 
angle, and therefore in this wheel, whofe radius is ^BV, BV 
— VP will be double the verfed fine of the arc £BP. There- 
fore AP is to double the verfed fine of the arc |BP as 2CE to 
CB. Q.E.D. 

The line AP in the former of thefe proportions we (hall 
name the cycloid without the globe, the other in the latter 
proportion the cycloid within the globe, for diftinclion fake. 

Cor. l. Hence if there be defcribed the entire cycloid ASL, 
and the fame be bife&ed in S, the length of the part PS will 
be to the length PV (which is the double of the fine of the 
angle VBP, when EB is radius) as 2CE to CB, and therefore 
in a given ratio. 

Cor. 2. And the length of the femi-perimeter of the cycloid 
AS will be equal to a right line which is to the diameter of 
the wheel BV as 2CE to CB. 

PROPOSITION L. PROBLEM XXXIII. 
To cauj'e a pendulous body to ojcillate in a given cycloid. 

Let there be given within the globe QVS (PI. 19, Fig. 3), 

defcribed with the centre C, the cycloid QRS, bifected in R, 

and meeting the fuperficies of the globe with its extreme 

points Q and S on either hand. Let there be drawn CR bk. 

feeling the arc QS in O, and let it be produced to A in fuch 

fort that CA may be to CO as CO to CR. About the centre 
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C, with the interval CA, let there be defcribed an exterior 
globe DAF ; and within this globe, by a wheel whofe dia- 
meter is AO, let there be defcribed two femi-cycloids AQ, 
AS, touching the interior globe in Q and S, and meeting the 
exterior globe in A. From that point A, with a thread APT 
in length equal to the line AR, let the body T depend, and 
ofcillate in fuch manner between the two femi-cyloids AQ, AS, » 
that, as often as the pendulum parts from the perpendicular 
AR, the upper part of the thread AP may be applied to that 
feini-cycloid APS towards which the motion tends, and fold 
itfelf round that curve line, as if it were fome folid obflacle* 
the remaining part of the fame thread PT which has not yet 
touched the femi-cycloid continuing flraight. Then will the 
weight T ofcillate in the given cycloid QRS. Q.E.F. 

For let the thread PT meet the cycloid QRS in T, and the 
circle QOS in V, and let CV be drawn ; and to the rectilinear 
part of the thread PT from the extreme points P and T let 
there be erected the perpendiculars BP, TW, meeting the 
right line CV in B and W. It is evident, from the contrac- 
tion and generation of the fimilar figures AS, SR, that thofe 
perpendiculars PB, TW, cut off from CV the lengths VB, 
VW equal the diameters of the wheels OA, OR. There- 
fore TP is to VP (which is double the fine of the angle VBP 
when 2 BV is radius) as BW to BV, or AO + OR to AO, that 
is (fmce CA and CO, CO and CR, and by divifion AO and 
OR are proportional), as CA*+ CO to CA, or, if BV be bi- 
fected in E, as 2CE to CB. Therefore (by cor. 1, prop. 49), 
the length of the rectiliuear part of the thread PT is always 
equal to the arc of the cycloid PS, and the whole thread APT 
is always equal to the half of the cycloid APS, that is (by cor. 
2, prop. 49), to the length AR. And therefore contrai iwife, 
if the firing remain always equal to the length AR, the point 
T will always move in the given cycloid QRS, Q.E.D. 

Cor. The firing AR is equal to the femi-cycloid AS, and 
therefore has the fame ratio to AC the femi-diameter of the 
exterior globe as the like femi-cycloid SR has to CO the 
femi-diameter of the interior globe. 
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PROPOSITION LI. THEOREM XVIII. 

If a centripetal force tending on all fides to tlie centre C of a 
globe (PI. 19, Fig. 4), be in all places as the diftance of the 
place from the centre, and by this force alone acling upon 
it y the body T ofcillate (in the manner above defcribed) in 
the perimeter of the cycloid QRS ; I fay, that all the ofcil- 
^ lations, how unequal foever in themfelves, will be performed in 
equal times. 

For upon the tangent TW infinitely produced let fall the 
perpendicular CX, and join CT. Becaufe the centripetal 
force with which the body T is impelled towards C is as the 
diftance CT, let this (by cor. 2, of the laws) be refolved into 
the parts CX, TX, of which CX impelling the body directly 
from P ftretches the thread PT, and by the refiftance the 
thread makes to it is totally employed, producing no other 
effecl; but the other part TX, impelling the body tranfverfely 
or towards X, directly accelerates the motion in the cycloid. 
Then it is plain that the acceleration of the body, propor- 
tional to this accelerating force, will be every moment as the 
length TX, that is (becaufe CV, WV, and TX, TW pro- 
portional to them are given), as the length TW, that is (by 
cor. 1, prop. 49), as the length of the arc of the cycloid TR. 
If therefore two pendulums APT, Apt, be unequally drawn 
afide from the perpendicular AR, and let fall together, their 
accelerations will be always as the arcs to be defcribed TR, 
tR. But the parts defcribed at the beginning of the motion 
are as the accelerations, that is, as the wholes that are to be 
defcribed at the beginning, and therefore the parts which re- . 
main to be defcribed, and the fubfequent accelerations pro- 
portional to thofe parts, are alfo as the wholes, and fo on. 
Therefore the accelerations, and confequently the velocities 
generated, and the parts defcribed with thofe velocities, and 
the parts to he defcribed, are always as the wholes ; and there- 
. fore the parts to be. defcribed preferving a given ratio to each 
other will vanifti together, that is, the two b&dies ofcillatiug 
„ will arrive together at the perpendicular AR. And iince on 
the other hand the afcent of the pendulums from the loweft 
place R through the fame cycloidal arcs with a retrograde 
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motion, is retarded in the feveral places they pafs through by 
the lame forces by which their defcent was accelerated; it is 
plaiu that the velocities of their afcent and defcent through 
the fame arcs are equal, and confequently performed in equal 
times; and, therefore, fince the two parts of the cycloid RS 
and RQ lying on either fide of the perpendicular are fimilar 
and equal, the two pendulums wiJl perform as well the - 
wholes as the halves of their ofcillations in the fame times. 
Q.E.D. 

Cor. The force with which the body T is accelerated or 
retarded in any place T of the cycloid, is to the whole weight 
of the fame body in the higheft place S or Q as the arc of 
the cycloid TR is to the arc SR or QR. 

PROPOSITION LIL PROBLEM XXXIV. 
To define the velocities of the pendulums in the feveral places, 

and the times in which both the entire ofcillations, and the 

feveral parts of them are performed. 

About any centre G (PI. 20, Fig. 1), with the interval GH 
equal to the arc of the cycloid RS, defcribe a femi-circle 
HKM bifedted by the femi-diameter GK. And if a centri- 
petal force proportional to the diftance of the places from the 
centre tend to the centre G, and it be in the perimeter HIK 
equal to the centripetal force in the perimeter of the globe 
QOS tending towards its centre, and at the fame time that 
the pendulum T is let fall from the highell place S, a body, 
as L, is let fall from H to G; then becaufe the forces which 
a<5l upon the bodies are equal at the beginning, and 
always proportional to the fpaces to be defcribed TR, LG, 
and therefore if TR and LG are equal, are alfo equal in the 
places T and L, it is plain that thofe bodies defcribe at the 
beginning equal fpaces ST, HL, and therefore are Hill acled 
upon equally, and continue to defcribe equal fpaces. There- 
fore by prop. 38, the time in which the body defcribes the 
arc ST is to the time of one ofcillation, as the arc HI the 
time in which the body H arrives at L, to the femi-periphery 
HKM, the time in which the body H will come to M. And 
the velocity of the pendulous body in the place T is to its 
velocity in the loweft place R, that is, the velocity of the 
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body H in the place L to its velocity in the place G, 
or the momentary increment of the line II L to the 
momentary iucrement of the line HG (the arcs HI, HK 
increafing with an e quable flux) a s the ordinate LI to the 
radius GK, or as ^SR* — TK* to SR. Hence, fince in 
unequal ofcillations there are defcribed in equal time arcs pro- 
portional to the entire arcs of the ofcillations, there are 
obtained from the times given, both the velocities and the 
arcs defcribed in all the ofcillations univerfally. Which was 
fhH required. 

Let now any pendulous bodies ofcillate in different cycloids 
defcribed within different globes, whofe abfolute forces are 
alfo different; and if the abfolute force of any globe QOS 
be called V, the accelerative force with which the pendulum 
is acted on in the circumference of this globe, when it begins 
to move directly towards its centre, will be as the diftance of 
the pendulous body from that centre and the abfolute force 
of the globe conjunctly, that is, as CO X V. Therefore the 
lineolae HY, which is as this accelerated force CO x V, will' 
be defcribed in a given time ; and if there be erected the 
perpendicular YZ meeting the circumference in Z, the nafcent 
arc HZ will denote that given time. But that nafcent arc 
HZ is in the fubduplicate ratio of the rectangle GHY, and 
therefore as^GHx CO x V. Whence the time of art entire 
ofcillation in the cycloid QRS (it being as the femi-periphery 
HKM, which denotes that entire ofcillation, directly; and 
as the arc HZ which in like manner denotes a given time in- 
versely) will be as GH directly and v'GH x CO x V inverfe- 

SR 

Jy; that is, becaufe GH and SR are equal, as y'g— — , 

AR 

or (by cor. prop. 50) as V AC y * Therefore the ofcil- 
lations in all globes and cycloids, performed with what abfo- 
lute forces foever, are in a ratio compounded of the fubdupH- 
cate ratio of the length of the ftring directly, and the fub- 
duplicate ratio of the diftance between the point of fufpen- 
fion and the centre of the globe inverfely, and the fubdu- 
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plicate ratio of the abfolute force of the globe inverfely alfo. 
Q.E.I. 

Cor. 1. Hence alfo the times of ofcillating, falling, and 
revolving bodies may be compared among themfelves. For 
if the diameter of the wheel with which the cycloid is de- 
fcribed within the globe is fuppofed equal to the femi-diame- 
ter of the globe, the cycloid will become a right line palling 
through the centre of the globe, and the ofcillation will be 
changed into a defcent and fubfequent afcent in that right 
line. Whence there is given both the time of the defcent 
from any place to the centre, and the time equal to it in 
which the body revolving uniformly about the centre of the 
globe at any diftance defcribes an arc of a quadrant. For 
this time (by cafe 2) is to the time of half the ofcillation in 

AR 

any cycloid QRS as 1 to 

Cor. 2. Hence alfo follow what Sir Chriftopher Wren and 
M. Huygens have difcovered concerning the vulgar cycloid. 
For if the diameter of the globe be infinitely increafed, its 
fphserical foperficies will be changed into a plane, and the 
centripetal force will adfc uniformly in the direction of lines, 
perpendicular to that plane, and this cycloid of our's will be- 
come the fame with the common cycloid. But in that cafe 
the length of the arc of the cycloid between that plane and 
the describing point will become equal to four times the 
verfed fine of half the arc of the wheel between the fame 
plane and the defcribing point, as was difcovered by Sir 
Chriftopher Wren. And a pendulum between two fuch cy- 
cloids will ofcillate in a fimilar and equal cycloid in equal times, 
as M. Huygens demonftrated. The defcent of heavy bodies 
alfo in the time of one ofcillation will be the fame as M. Huy- 
gens exhibited. 

The propofitipns here demonftrated are adapted to the true 
conftitution of the Earth, in lb far as wheels moving in any of 
its great circles will defcribe, by the motions of nails fixed in 
their perimeters, cycloids without the globe; and pendulums 
in mines and deep caverns of the Earth, muft ofcillate in cy- 
cloids within the globe, that thofe ofcillations may be per- 

• 
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formed in equal times. For gravity (as will be (hewn in the 
third book) decreafes in its progrefs from the fuperficiesof the 
Earth; upwards in a duplicate ratio of the diflances from the 
centre of the earth; downwards in a iimple ratio of the fame 

PROPOSITION LIIL PROBLEM XXXV. 
Granting the quadratures of curvilinear jigures, it is requir- 
ed to find the forces with which bodies moving in given 
curve lines may always perform their ofcillations in equal 
times. 

Let the body T (PL 20, Fig. 2) ofcillate in any curve line 
STRQ, whofe axis is AR pafling through the centre of force 
C. Draw TX touching that curve in any place of the body 
T, and in that tangent TX take TY equal to the arc TR. 
The length of that arc is known from the common methods 
ufed for the quadratures of figures. From the point Y draw 
the right line YZ perpendicular to the tangent. Draw CT 
meeting that perpendicular in Z, and the centripetal force 
will be proportional to the right line TZ. Q.E.L 

For if the force with which the body is attracted from T 
* towards C be expreflfed by the right line TZ taken propor- 
tional to it, that force will be refolved into two forces TY, YZ, 
of which YZ drawing the body in the direction of the length 
of the tl.rcad PT, does not at all change its motion; whereas 
the othf£ <trce TY directly accelerates or retards its motion 
in the cvr"ter STRQ. Wherefore fince that force is as the 
fpace to be deforibed TR, the accelerations or retardations 
of the body in defcribing two proportional parts (a greater 
and a lei's) of two ofcillations, will be always as thofe parts, 
and therefore will caufe thofe parts to be defcribed together. 
But bodies which continually defcribe together parts propor- 
tional to the wholes, will defcribe the wholes together alfo. 
Q.E.D. 

Cor. 1. Hence if the body T (PL 20, Fig. 3), banging by 
a rectilinear thread AT from the centre A, defcribe the cir- 
cular arc STRQ, and in the mean time be acted on by any 
force tending downwards with parallel directions, which is to 
the uniform force of gravity as the arc TR to its fine TN, tlie 
times of the feveral ofcillations will be equal. For becaufc 
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TZ, AR are parallel, the triangles ATN, ZTY are fimilar; 
and therefore TZ will be to AT as TY to TN; that is, if the 
uniform force of gravity be expreffed by the given length AT, 
the force TZ, by which the ofcillations become ifochronous, 
will be to the force of gravity AT, as the arc TR equal to TY 
is to TN the fine of that arc. 

Cor. 2. And therefore in clocks, if forces were imprefied 
by fome machine upon the pendulum which preferves the 
motion, and fo compounded with the force of gravity that 
the whole force tending downwards mould be always as a line 
produced by applying the rectangle under the arc TR and 
the radius AR to the fine TN, all the ofcillatious will become 
ifochronous. 

PROPOSITION LIV. PROBLEM XXXVI. 
Granting the quadratures of curvilinear figures, it is required 
to find the times in which bodies by means of any centri- 
petal force will defcend or afcrnd in any curve lines de- 
fcribed in a plane puffing through the centre of force. 
Let the body defcend from any place S (PI. 20, Fig. 4), 
and move in any curve STtR given in a plane pafling through 
the centre of force C. Join CS, and let it be divided into 
innumerable equal parts, and let Dd be one of thofe parts. 
From the centre C, with the intervals CD, Cd, let the circles 
DT, dt be defcribed, meeting the curve line STtR in T and t. 
And becaufe the law of centripetal force is given, and alfo 
the altitude CS from which the body at firft fell, there will 
be given the velocity of the body in any other altitude CT (by 
prop. 39). But the time in which the body defcribes the 
lineolae Tt is as the length of that lineolae, that is, as the 
fecant of the angle tTC directly, and the velocity inverfely. 
Let the ordinate DN, proportional to this time, be made per- 
pendicular to the right line CS at the point D, and becaufe 
Dd is given, the rectangle Dd X DN, that is, the area DNnd, 
will be proportional to the fame time. Therefore if PNn be 
a curve line in which the point N is perpetually found, and 
its afymptote be the right line SQ {landing upon the line 
CS at right angles, the area SQPND wHl be proportional to 
the time in which the body in its defcent hath (Jefcribed the 
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Hue ST; and therefore that area being found, the time is alfo 
given. Q.E.I. 

PROPOSITION LV. THEOREM XIX. 
If a body move in any curve fuperjicits, whofe axis paffes 

through the centre of force, and from the body a perpendi- 
cular be let fall upon the axis; and a line parallel and 
equal thereto be drawn from any given point of the axis ; 
I fay, that this parallel line zvill defcribe an area propor- 
tional to the time. 

Let BKL (PI. 20, Fig. 5) be a curve fuperficies, T a body 
revolving in it, STR a trajectory which the body defcribes in 
the fame, S the beginning of the trajectory, OMK the axis of 
the curve fuperficies, TN a right line let fall. perpendicularly 
from the body to the axis; OP a line parallel and equal 
thereto drawn from the given point O in the axis; AP 
the orthographic projection of the trajectory defcribed by the 
point P in the plane AOP in which the revolving line OP is 
found ; A the beginning of that projection, anfwering to the 
point S; TC a right line drawn from the body to the centre; 
TG a part thereof proportional to the centripetal force with 
which the body tends towards the centre C; TM a right line 
perpendicular to the curve fuperficies; TI a part thereof pro^ 
portional to ihe force of preflure with which the body urges 
the fuperficies, and therefore with which it is again repelled 
by the fuperficies towards M ; PTF a right line parallel to the 
axis and pafling through the body, and GF, IH right lines let 
fall perpendicularly from the points G and I upon that parallel 
PHTF. I fay, now, that the area AOP, defcribed by the 
radius OP from the beginning of the motion, is proportional 
to the time. For the force TG (by cor. 2, of the laws of mo- 
tion) is refolved into the forces TF, FG; and the force TI into 
the forces TH, HI; but the forces TF, TH, aaing in the 
direction of the line PF perpendicular to the plane AOP, in- 
troduce no change in the motion of the body but in a direc- 
tion perpendicular to that plane. Therefore its motion, fo far 
as it has the fame direction with the pofition of the plane, that 
is, the motion of the point P, by which the projection AP of 
the trajectory is defcribed in that plane, is the fame as if the 
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forces TF, TH were taken away, and the body were acted on 
by the forces FG, HI alone ; that is, the fame as if the body 
were to defcribe in the plane AOP the curve AP by means of 
a centripetal force tending to the centre O, and equal to the 
fum of the forces FG and HI. But with fuch a force as that 
(by prop. 1) the area AOP will be defcribed proportional to 
the time. Q.E.D. 

Cor. By the fame reafbning, if a body, acted on by forces 
tending to two or more centres in any the fame right line CO, 
ftiould defcribe in a free fpace any curve line ST, the area 
AOP would be always proportional to the time. 

PROPOSITION LVI. PROBLEM XXXVII. 
Granting the quadratures of curvilinear figures, and fuppofijig 

that there are given both the law of centripetal force tending 

* to a given centre, and tlie curve fuperficies whofe axis paffes 

through that centre ; it is required to find the trajecloiy which 

a body will defcribe in that fuperficies, when going off from 

a given place with a given velocity, and in a given direction 

in that fuperficies. 

The laft conftruction remaining, let the body T go from 
the given place S (PI. 20, Fig. 6), in the direction of a line 
given by pofition, and turn into the trajectory fought STR, 
whofe orthographic projection in the plane BLO is AP. And 
from the given velocity of the body in the altitude SC, its ve- 
locity in any other altitude TC will be alio given. With that 
velocity, in a given moment of time, let the body defcribe the 
particle Tt of its trajectory, and let Pp be the projection of 
that particle defcribed in the plane AOP. Join Op, and a 
little circle being defcribed upon the curve fuperficies about 
the centre T with the interval Tt, let the projection of that 
little circle in the plane AOP be the eliipfis pQ. And be- 
caufe the magnitude of that little circle Tt, and TN or PO 
its diftance from the axis CO is alio given, the eliipfis pQ 
will be given both in kind and magnitude, as alio its pofition 
to the right line PO. And fince the area POp is proportional 
to the time, and therefore given becaufe the time is given, the 
angle POp will be given. And thence will be given p the . 
common interfection of the eliipfis aud the right line Op, to- 
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gether with the angle OPp, in which the projection APp of 
the trajectory cuts the line OP. But from thence (by con- 
ferring prop. 41, with its 2d cor.) the manner of determining 
the cnrve APp eufily appears. Then from the feveral points 
P of that projection erecting to the plane AOP, the perpen- 
diculars PT meeting the curve fuperficies in T, there will be 
given the feveral points T of the trajectory. Q.E.I. 

SECTION XI. ' 
Of the motions of bodies tending to each other with centripetal 

forces. 

I have hitherto been treating of the attractions of bodies 
towards an immovable centre ; though very probably there 
is no fuch thing exiftent in nature. For attractions are made 
towards bodies, and the actions of the bodies attracted and 
attracting are always reciprocal and equal, by law 3 ; fo that 
if there are two bodies, neither the attracted nor the attracting 
body is truly at reft, but both (by Cor. 4, of the laws of mo- 
tion), being as it were mutually attracted, revolve about a 
common centre of gravity. And if there be more bodies, 
which are either attracted by one Angle one which is attracted 
by them again, or which, all of them, attract each other 
mutually; thefe bodies will be fo moved among themfelves, 
as that their common centre of gravity, will either be at reft, 
or move uniformly forward in a right line. I (hall therefore 
at prefent go on to treat of the motion of bodies mutually at- 
tracting each other ; confidering the centripetal forces as at- 
tractions ; though perhaps in a phyfical ftrictnefs they may 
more truly be called impulfes. But thefe proportions are to 
be confidered as purely mathematical ; and therefore, laying 
afide all phyfical confiderations, I make ufe of a familiar 
way of fpeaking, to make myfelf the more eafily underftood 
by a mathematical reader. 

PROPOSITION LVII. THEOREM XX. 
Two bodies attracting each other mutually defcribe fimilar 

figures about their common centre of gravity, and about each 

otlier mutually. 

For the diftances of the bodies from their common centre, 
of gravity are reciprocally as the bodies; and therefore ia a 
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given ratio to each other ; and thence, by competition of ra- 
tios, in a given ratio to the whole diftance between the bodies. 
Now thefe diftances revolve about their common term with 
an equable angular motion, becaufe lying in the fame right 
line they never change their inclination to each other mu- 
tually. But right lines that are in a given ratio to each other, 
and revolve about their terms with an equal angular motion, 
defcribe upon planes, which either reft with thofe terms, or 
move with any motion not angular, figures entirely fimilar 
round thofe terms. Therefore the figures defcribed by the re- 
volution of thefe diftances are iimilar. Q.E.D. 

PROPOSITION LV1II. THEOREM XXI. 
If two bodies attract each other mutually with forces of any 

kind, and in the mean time revolve about the common centre 
of gravity ; I fay, that, by the fame forces, there may be de- 
fcribed round either body unmoved a figure fimilar and equal 
to the jigures which the bodies Jo moving defcribe' round each 
other mutually, 

. Let the bodies S and P (PI. 20, Fig. 7) revolve about their 
common centre of gravity C, proceeding from S to T, and 
from P to Q. From the given point s let there be continually 
drawn sp, sq, equal and parallel to SP, TQ and the curve 
pqv, which the point p defcribes in its revolution round the 
immovable point s, will be iimilar and equal to the curves 
which the bodies S and P defcribe about each other mutually ; 
and therefore, by theor. 20, fimilar to the curves ST and PQV 
which the fame bodies defcribe about their common centre, of 
gravity C ; and that becaufe the proportions of the lines SC, 
CP, and SP or.sp, to each other, are given. 

Case 1. The common centre of gravity C (by cor. 4, of 
the laws of motion) is either at reft, or moves uniformly in 
.a right line. Let us firft fuppofe it at reft, and in s and p let 
there be placed two bodies, one immovable in s, the other 
moveable in p, iimilar and equal to the bodies S and P. Then 
let the right lines PR and pr touch the curves PQ and pq in 
P and p, and produce CQ and sq to Rand r. And becaufe 
the figures CPRQ, sprq are fimilar, RQ. will be to rq as CP 
to sp, and therefore in a given ratio. Hence if the force with 

Vol. I. L 
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which the hody P is attracted towards the body S, and by 
confequence towards the intermediate point the centre C, 
were to the force with which the body p is attracted towards 
the centre s, in the fame given ratio, thefe forces would in 
equal times attract the bodies from the tangents PR, pr to the 
arcs PQ, pq, through the intervals proportional to them RQ, 
rq ; and therefore this laft force (tending to s) would make the 
body p revolve in the curve pqv, which would become fimilar 
to the curve PQV, in which the firll force obliges the body P 
to revolve ; and their revolutions would be completed in the 
fame times. But becaufe thofe forces are not to each other in 
the ratio of CP to sp, but (by reafon of the fimilarity and 
equality of the bodies S and s, P and p, and the equality of 
the diftances SP, sp) mutually equal, the bodies in equal times 
will be equally drawn from the tangents ; and therefore that 
the body p may be attracted through the greater interval rq, 
there is required a greater time, which will be in the fubdu- 
plicate ratio.of the intervals ; becaufe, by lemma 10, the fpaces 
defcribed at the very beginning of the motion are in a dupli- 
cate ratio of the times. Suppofe, then, the velocity of the body 
p to be to the velocity of the body P in a fubduplicate ratio of 
the diftance sp to the diftance CP, fo that the arcs pq, PQ, 
which are in a fimple proportion to each other, may be de- 
fcribed in times that are in a fubduplicate ratio of the diftances; 
and the bodies P, p, always attracted by equal forces, will de- 
fcribe round the quiefcent centres C and s fimilar figures 
PQV, pqv, the latter of which pqv is fimilar and equal, to the 
figure which the body P defcribes round the moveable body 

5. Q.E.D. 

Case 2. Suppofe now that the common centre of gravity, 
together with the fpace in which the bodies are moved among 
themfelve3, proceeds uniformly in a right line ; and (by cor. 

6, of the laws of motion) all the motions in this fpace will be 
performed in the fame manner as before ; and therefore the 
bodies will defcribe mutually about each other the fame fi- 
gures as before, which will be therefore fimilar and equal to 
the figure pqv. Q.E.D. 
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Cox. 1 . Hence two bodies attracting each other with forces 
proportional to their diftance, defcribe (by prop. 10) both 
round their common centre of gravity, and round each other 
mutually, con centrical ellipfes ; and, vice verfa, if fuch figures 
are defcribed, the forces are proportional to the diftances. 

Cor. 2. And two bodies, whofe forces are reciprocally pro- 
portional to the fquare of their diftance, defcribe (by prop. 
11, 12, 13), both round their common centre of gravity, and 
round each other mutually, conic feclions having their focus 
in the centre about which the figures are defcribed. And, 
vice verfa, if fuch figures are defcribed, the centripetal forces 
are reciprocally proportional to the fquares of the diftance. 

Cor. 3. Any two bodies revolving round their common 
centre of gravity defcribe areas proportional to the times, by 
radii drawn both to that centre and to each other mutually. 

PROPOSITION L1X. THEOREM XXII. 
The periodic time of two bodies S and P revolving round their 

common centre of gravity C, is to the periodic time of one 
of the bodies P revolving round the other S remaining un- 
moved, and defcribing a figure fimilar and equal to thofe 
which the bodies defcribe about each other mutually, in a 
fubduplicate ratio of the other body S to the fum of tine bo- 
diesS + V. 

For, by the demonftration of the laft proportion, the times 
in which any fimilar arcs PQ and pq are defcribed are in a 
fubduplicate ratio of the diftances CP and SP, or sp, that is, 
in a fubduplicate ratio of the body S to the fum of the bodies 
S + P. And bycompofition of ratios, the fumsof the times 
in which all the ftmihur arcs PQ and pq are defcribed, that is, 
the whole times in which the whole fimilar figures are defcribed, 
are in ithe fame fubduplicate ratio. Q.E.D. 

PROPOSITION LX. THEOREM XXIII. 
If two bodies S and P, attracting each other with forces re- 
ciprocally proportional to the fquares of their diftance, re- 
voke about their common centre of gravity ; I fay, that the 
principal axis of the ellipfes which either of the bodies, as P, 
defcribes by this motion about the other S, will be to the prin- 
cipal axis of the ellipfes, which the fame body P may defcribe 

L2 



Digitized by Google 



148 MATHEMATICAL PRINCIPLES Book I. 

in the fame periodical time about the other body S quiefcent, 
as the fum of the two bodies S + P to the jirft of two mean 
proportionals between that fum and the other body S. 
For if the clliples defcribed were equal to each other, their 
periodic timrs by the laft theorem would be in a fubduplicate 
ratio of the body S to the fum of the bodies S + P. Let the 
periodic time in the latter ellipfis be dnninifhed in that ratio, 
and the periodic times will become equal; but, by prop. 15, 
the principal axis of the ellipfis will be diminiflied in a ratio 
fefqmplicate to the former ratio; that is, in a ratio to which 
the ratio of S to S -f- P is triplicate ; and therefore that axis 
will be to the principal axis of the other ellipfis as the firft 
of two mean proportionals between S'+ P and S to S + P« 
And invcrfely the principal axis of the ellipfis defcribed about 
the moveable body will be to the principal axis of that de- 
fcribed round the immovable as S + P to the firft of two 
mean proportionals between S P and S. Q.E.D. 

PROPOSITION LXI. THEOREM XXIV. 
If two bodies attracting each other with any kind of forces, 

and not otherwife agitated or obftrucled, are moved in any 

manner whatfoever, thofe motions tvill be the fame as if 

they did not at all attracl each other mutually, but were 

both attracted with the fame forces by a third body placed 

in their common centre of gravity ; and the law of the at* 

tracling forces will be the fame in refpeel of the diftance of 

the bodies from the common centre, as in refpeel of the 

diftance between the two bodies. 

For thofe forces with which the bodies attract each other 
mutually, by tending to the bodies, tend alfo to the common 
centre of gravity lying directly between them ; and therefore 
are the lame as if they proceeded from an intermediate 
body. Q.E.D. 

And becaufe there is given the ratio of the diftance of ei- 
ther body from that common centre to the diftance between 
the two bodies, there is given, of courfe, the ratio of any power 
of one diftance to the fame power of the other diftance ; and 
aifo the ratio of any quantity derived in any manner from 
one of the diftances compounded any how with given quan- 
tities, to another quantity derived in like manner from the 
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other diftance, and as many given quantities having that 
given ratio of the diftances to the firft. Therefore if the force 
with which one body is attracted by another be directly or 
inverfely as the diftance of the bodies from each other, or as 
any powerof that diftance ; or,laftly,as any quantity derived 
after any manner from that diftance compounded with given 
quantities; then will the fame force with which the fame 
body is attracted to the common centre of gravity be in like 
manner directly or inverfely as the diftance of the attracted 
body from the common centre, or as any power of that 
diftance; or, laftly, as a quantity derived in like fort from that 
diftance compounded with analogous given quantities. That 
is, the law of attracting force will be the lame with refpedl to 
both diftances. Q.E.D. 

PROPOSITION LXII. PROBLEM XXXVIII. 
To determine the motions of two bodies which attract each otheY 

with forces reciprocally proportional to the fquares of tht 
diftance between them, and are let fall from given places. 
The bodies, by the laft theorem, will be moved in the fame 
manner as if they were attracted by a third placed in the 
common centre of their gravity ; and by the hypothecs that 
centre will be quiefcent at the beginning of their motion, and 
therefore (by cor. 4, of the laws of motion) will be always qui- 
efcent. The motions of the bodies are therefore to be deter- 
mined (by prob. 25) in the fame manner as if they were im- 
pelled by forces tending to that centre; and then we (hall 
have the motions of the bodies attracting each other mutu- 
ally. Q.E.I. 

PROPOSITION LXIII. PROBLEM XXXIX. 

To dcttrmine the motions of two bodies attracting each other 

with farces reciprocally proportional to the fquares of their 
diftance, and going off from given places in given directions 
with given velocities. 

The motions of the bodies at the beginning being given, 
there is given alio the uniform motion of the common centre 
of gravity, and the motion of the fpace which moves along 
with this centre uniformly in a right line, and alio the very 
firft, or beginning motions of the bodies in refpe<5t of this 
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fpace. Then (by cor. 5, of the taw*, and the laft theorem) 
the fubfequent motions will be performed in the fame manner 
in that fpace, as if that fpace together with the common cen- 
tre of gravity were at reft, and as if the bodies did not attract 
each other, bat were attracted by a third body placed in that 
centre. The motion therefore in this moveable fpace of each 
body going off from a given place, in a given direction, with 
a given velocity, and acted upon by a centripetal force tend- 
ing to that centre, is to be determined by prob. 9 and £6, 
and at the fame time will be obtained the motion of the other 
round the fame centre. With this motion compound the uni- 
form progreflive motion of the entire fyftem of the fpace and 
the bodies revolving in it, and there will be obtained the ab- 
folute motion of the bodies in immovable fpace. Q.E.I. 

PROPOSITION LXIV. PROBLEM XL. 
§uppofing forces with which bodies mutually attracl each other 

to increafe in a fimple ratio of their difiances from the cen- 
tres ; it is required to find the motions offeveral bodies among 
themfehes. 

Suppofe the two firft bodies T and L (PI. 21, Fig. 1) to 
have their common centre of gravity in D. Thefe,by cor. 1, 
theor. 21, will defcribe ellipfes having their centres in D, the 
magnitudes of which ellipfes are known by prob. 5. 

Let now a third body S attract the two former T and L 
with the accelerative forces ST, SL, and let it be attracted 
again by them. The force STT (by cor. 2, of the laws of mo- 
tion) is refolved into the forces SD, DT; and the force SL 
into the forces SDand DL. Now the forces DT, DL, which 
are as their fum TL, and therefore as the accelerative forces 
with which the bodies T and L attract each other mutually, 
added to the forces of the bodies T and L, the firft to the firft, 
and the laft to the laft, compofe forces proportional to the 
diftances DT and DL as before, but only greater than thofe 
former forces; and therefore (by cor 1, prop. 10, and cor. 1, 
and 8, prop. 4) they will caufe thofe bodies to defcribe el- 
lipfes as before, but with a fwifter motion. The remaining 
accelerative forces SD and DL, by the motive forces SD x T 
and SD x L, which are as the bodies attracting thofe bodies 
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jually, and in the direction of the lines TI, LK parallel to 
>S, do not at all change their iituations with refpect to one 
n other, butcaufe them equally to approach to the line IK ; 
r hich muft he imagined drawn through the middle of the 
ody S, and perpendicular to the line DS. But that approach 
o the line IK will be hindered by caufing the fyftem of the 
todies T and L on one fide, and the body S on the other, 
vith proper velocities, to revolve round the common centre of 
gravity C. With fuch a motion the body S, becaufe the fum 
uf the motive forces SD X T and SD x L is proportional to 
the diftance CS, tends to tlie centre C, will defcribe an el- 
lipfis round the fame centre C ; and the point D, becaufe the 
lines CS and CD are proportional, will defcribe a like ellipfis 
over againft it. But the bodies T and L, attracted by the 
motive forces SD X T and SD X L, the firft by the firlt, and 
the lad by the laft, equally and in the direction of the parallel 
lines TI and LK, as was faid before, will (by cor. 5 and 6, of 
the laws of motion) continue to defcribe their ellipfes round 
the moveable centre D, as before. Q.E.I. 

Let there be added a fourth body V, and, by the like rea- 
soning, it will be demonftrated that this body and the point 
C will defcribe ellipfes about the common centre of gravity 
B ; the motions of the bodies T, L, and S round the centres 
D and C remaining the fame as before; but accelerated. 
And by the fame method one may add yet more bodies at 
pleafure. Q.E.I. 

This would be the cafe, though the bodies T and L attract 
each other mutually with accelerative forces either greater or 
lefs than thofe with which they attract the other bodies in 
proportion to their diftance. Let all the mutual accelerative 
attractions be to each other as the diftances multiplied into 
the attracting bodies ; and from what has gone before it will 
eafily be concluded that all the bodies will defcribe different 
ellipfes with equal periodical times about their common centre 
of gravity B, in an immovable plane. Q.E.I. 

PROPOSITION LXV. THEOREM XXV. 
Bodies, whofe forces decreafe in a duplicate ratio of their 
dijiances from their centres, may move among the mj elves in 
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ellipfes ; and by radii drawn to the foci may defcribe areas 

proportional to the times very nearly. 

In the laft propofition we demonft rated that cafe in which 
the motions will be performed exactly in ellipfes. The more 
diftant the law of the forces is from the law in that cafe, the 
more will the bodies diflurb each other's motions ; neither is 
it poffible that bodies attradting each other mutually accord- 
ing to the law fuppofed in this propofition fhould move ex- 
actly in ellipfes, unlefs by keeping a certain proportion of 
diilunees from each other. However, in the following cafes 
the orbits will not much differ from ellipfes. 

Case 1. Imagine feveral leffer bodies to revolve about fome 
very great one at different diftances from it, and fuppofe ab- 
folute forces tending to every one of the bodies proportional 
to each. And becaufe (by cor. 4, of the laws) the common 
centre of gravity of them all is either at reft, or moves uni- 
formly forward in a right line, fuppofe the leffer bodies fo 
fmall that the great body may be never at a fenfible diftauce 
from thuk centre ; and then the great body will, without any 
fenfible error, be either at reft, or more uniformly forward in a 
right line ; and the leffer will revolve about that great one in 
ellipfes, and by radii drawn thereto will defcribe areas pro- 
portional to the times ; if we except the errors that may be 
introduced by the receding of the great body from the com- 
mon centre of gravity, or by the mutual actions of the lefTer 
bodies upon each other. But the letter bodies may be fo far 
diminifhed, as that this recefs and the mutual adions of the bo- 
dies on each other may become lefs than any affignable; and 
therefore fo as that the orbits may become ellipfes, and the 
areas anfwer to the times, without any error that is not lefs 
than any affignable. Q.E.O. 

Case 2. Let us imagine a fyftem of leffer bodies revolving 
about a very great one in the manner juft defcribed, or any 
other fyftem of two bodies revolving about each other to be 
moving uniformly forward in a right line, and in the mean 
time to be impelled fideways by the force of another vaftly 
greater body fituate at a great diftance. And becaufe the 
equal accelerative forces with which the bodies are impelled 
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in parallel directions do not change the fituation of the bodies 
with refpect to each other, but only oblige the whole fyftem 
to change its place while the parts ft ill retain their motions 
among themfelves, it is manifeft that no change in thofe 
motions of the attracted bodies can arile from their attractions 
towards the greater, unlefs by the inequality of the accele- 
rative attractions, or by the inclinations of the lines towards 
each other, in whofe directions the attractions are made. 
Suppofe, therefore, all the accelerative attractions made to- 
wards the great body to be among themfelves as the fquares 
of the diftances reciprocally; and then, by increafing the 
diftance of the great body till the differences of the right lines 
drawn from that to the others in refpect of their length, and 
the inclinations of thofe lines to each other, be lefs than any 
given, the motions of the parts of the fyftem will continue 
without errors that are not lefs than any given. And becaufe, 
by the fmall diftance of thofe parts from each other, the 
whole fyftem is attracted as if it were but one body, it will 
therefore be moved by this attraction as if it were one body ; 
that is; its centre of gravity will defcribe about the great body 
one of the conic fections (that is, a parabola or hyperbola 
when the attraction is, but languid, and an ellipfis when it is 
more vigorous) ; and by radii drawn thereto, it will defcribe 
areas proportional to the times, without any errors but thofe 
which arife from the diftances of the parts, which are by 
the fuppofition exceedingly fmall, and may be diininiflied at 
pleafure. Q.E.O. 

By a like reafoning one may proceed to more compounded 
cafes in infinitum. 

Cor. 1 . In the fecond cafe, the nearer the very great body 
approaches to the fyftem of two or more revolving bodies, the 
greater will the perturbation be of the motions of the parts 
of the fyftem among themfelves ; becaufe the inclinations of 
the lines drawn from that great body to thofe parts become 
greater; and the inequality of the proportion is alfo greater. 

Cor. 2. But the perturbation will be greateft of all, if we 
fuppofe the accelerative attractions of the parts of the fyftem 
towards the greateft body of all are not to each other reci- 
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procaUy as the fquares of the diftances from that great body j 
especially if the inequality of this proportion be greater than 
the inequality of the proportion of the distances from the great 
body. For if the accelerative force, a&ing in parallel direc- 
tions and equally, caufes no perturbation in the motions of the 
parts of the fyilem, it muft. of eourfe, when it acls unequally, 
caufe a perturbation fomewhere, which will be greater or Jefs, 
as the inequality is greater or lefs. The excefs of the greater 
impuifes ailing upon fome bodies, and not acting upon others, 
mull neceflarily change their fituation among them lei ves. 
And this perturbation, added to the perturbation arifing from, 
the inequality and inclination of the lines, makes the wholje 
perturbation greater. 

Con. 3. Hence if the parts of this fyftem move in eltipJ(e» 
or circles without any remarkable perturbation, it is manifeft 
that, if they are at all impelled by accelerative forces tending 
to any other bodies, the impulfe is very weak, or elfe is im r 
preiTed very near equally and in parallel dire&ions upon ay 
of them. 

PROPOSITION LXVI. THEOREM XXVI. 
Jf three bodies whoje forces decreafe in a duplicate ratio of the 

defiances attract each other mutually ; and the accelerative 
attractions of any two towards the third he between them- 
fejves reciprocally as the fquares. of the fifiances ; aruf tfie 
two Itafi revolve about the. greatefi ; I fay, that the interior 
of the two revolving bodies will, by radii drawn to the in- 
nermofi and greatefi, defcribe round that body areas morp 
proportional to the times, and a figure more approaching to 
that of an ellipfis having its focus in the point of concourfp 
of the radii, if that great body be agitated by thofe at- 
tractions, than it would do if that great body were not at- 
tracted* at all by the leffer, but remained at reft ; or than it 
would if that great body were very muc/i mox* or very much 
lefs attracted, or very much more or very much lefs agitated, 
by the attractions. 

This appears plainly enough from the demonftration of the 
fecond corollary of the foregoing proportion ; but it may be 
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made out after this manner by a way of reafoning morediftinct 
and more univerfally oonvincing. 

Case 1. Let the leffer bodies P and S (PI. 21, Fig. 2) re- 
volve in the fame plane about the greateft body T, the body 
P describing the interior orbit PAB, and S the exterior orbit 
ESE. Let SK be the mean diftance of the bodies P and S ; 
and let the acoelerative attraction of the body P towards S, at 
that mean diftance, be exprefled by that line SK. Make 
SL to SK as the fquare of SK to the fquare of SP, and SL 
will be the acoelerative attraction of the body P towards S at 
any diftance SP. Join PT, and draw LM parallel to it meet- 
ing ST in M ; and the attraction SL will be refolved (by cor. 
2, of the laws of motion) into the attractions SM, LM. And 
fo the body P will be urged with a threefold accelerative 
force. One of thefe forces tends towards T, and arifes from 
the mutual attraction of the bodies T and P. By this force 
alone the body P would defcribe round the body T, by the 
radius PT, areas proportional to the times, and an ellipfis 
whofe focus is in the centre of the body T; and this it would 
do whether the body T remained unmoved, or whether it were 
agitated by that attraction. This appears from prop. II, and 
cor. 2 and 3 of theor. 21. The other force is that of the at- 
traction LM, which, becaufe it tends from P to T, will be fu- 
peradded to and coincide with the "former force.; and cauie 
the areas to be Hill proportional to the times, by cor. 3, theor. 
21. But becaufe it is not reciprocally proportional to the 
fquare of the diftance PT, it will eoinpofe; when added to the 
former, a force varying from that proportion ; which varia- 
tion will be the greater by how much the proportion of this 
force to the former is greater, cateris paribus. Therefore, 
fince by prop. 11, and by cor. 2, theor. 21, the force with 
which the ellipfts is defcribed about the focus T ought to A>o 
directed to that focus, and to be reciprocally proportional to 
the fquare of the diftance PT, that compounded force vary- 
ing from that proportion will make the orbit PAB vary from 
the figure of an ellipiis that has its focus in the point T ; and 
fo much the more by how much the variation from that pro- 
portion is greater ; and by confequence by how much the 
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proportion of the fecond force LM to the firft force is sweater, 
cateris paribus. But now the third force SM, attracting the 
body P in a direction parallel to ST, coinpofes with the other 
forces a new force which is no longer directed from P to T; 
and which varies fo much more from this direction by how 
much the proportion of this third force to the other forces is 
greater, cateris patibus ; and therefore caufes the body P to 
defcribe, by the radius TP, areas no longer proportional to 
the times ; and therefore makes the variation from that pro- 
portionality fo much greater by how much the proportion of 
this force to the others is greater. But this third force will in- 
creafe the variation of the orbit PABfrom the elliptical figure 
before-mentioned upon two accounts ; firft, becaufe that force 
is not directed from P to T ; and, fecond ly, becaufe it is not 
reciprocally proportional to the fquare of the diftance PT. 
Thefe things being premifed, it is manifeft that the areas are 
then nioft nearly proportional to the times, when that third 
force is the leaft pofiible, the reft preserving their former quan- 
tity ; and that the orbit PAB does then approach neareft to 
the elliptical figure above-mentioned, when both the fecond 
and third, but efpecially the third force, is the leaft poflible ; 
the firft force remaining in its former quantity. 

Let the accelerative attraction of the body T towards S be 
exprefled by the line SN ; then if the accelerative attractions 
SM and SN were equal, thefe, attracting the bodies T and P 
equally and in parallel directions, would not at all change their 
fituation with refpect to each other. The motions of the bo- 
dies between themfelves would be the fame in that cafe as if 
thofe attractions did not act at all, by cor. 6, of the laws of 
motion. And, by a like reafoning, if the attraction SN is lefs 
than the attraction SM, it will take away out of the attraction 
SM ttje part SN, fo that there will remain only the part (of 
the attraction) MN to difturb the proportionality of the areas 
and times, and the elliptical figure of the orbit. And in like 
manner if the attraction SN be greater than the attraction 
SM, the perturbation of the orbit and proportion will be pror 
duced by the difference MN alone. After this manner the 
attraction SN reduces always the attraction SM to the at- 
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traction MN, the firft and fecond attractions remaining per- 
fectly unchanged ; and therefore the areas and times come 
then neareft to proportionality, and the orbit PAB to the 
above-mentioned elliptical figure, when the attraction MN ia 
either none, or the leaft that is pollible ; that is, when the ac- 
ceterative attractions of the bodies P and T approach as neai; I 
as pollible to equality; that is, when the attraction SN is 
neither none at all, nor lefs than the lead of all the attractions 
SM, but is, as it were, a mean between the greateft and leaft of 
all thole attractions SM, that is, not much greater nor much 
lefs than the attra&ion SK. Q.E.D. 

Case 2. Let now the leffer bodies P, S, revolve about a 
greater T in different planes ; and the force LM, acting in the 
direction of the line PT fituate in the plane of the orbit PAB, 
will have the fame effect as before ; neither will it draw the 
body P from the plane of its orbit. But the other force NM 
acting in the direction of a line parallel to ST (and which, there- 
fore, when the body S is without the line of the nodes is inclined 
to»the plane of the orbit PAB), belidcs the perturbation of the 
motion iuft now fpoken of as to longitude, introduces another 
perturbation alfo as to latitude, attracting the body P out of 
the plane of its orbit. And this perturbation, in any given 
fituation of the bodies P and T to each other, will be as the 
generating force MN ; and therefore becomes leaft when the 
force MN is leaft, that is (as was juft now (hewn), where the 
attraction SN is not much greater nor much lefs than the at- 
traction SK. Q.E.D. 

Cor. 1. Hence it maybe eafily collected, that if feveral 
lefs bodies P, S, R, &c. revolve about a very great body T, 
the motion of the innermoft revolving body P will be leaft 
• difturbed by the attractions of the others, when the great body 
-is as well attracted and agitated by the reft (according to the 
ratio of the accelerative forces) as the reft are by each other 
mutually. 

Cor. 2. Iu a fyftem of three bodies T, P, S, if the accele- 
rative attractions of any two of them towards a third be to 
each other reciprocally as the fquares of the diftances, the 
body P, by the radius PT> will .defcribe its area fwifter near 
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the conjunction A and the oppofition B than it will near the 
quadratures C and D. For every force with which the body 
P is acted on and the body T is not, and which does not act 
in the direction of the line PT, does either accelerate or retard 
the description of the area, according as it is directed, whe- 
ther in confcquentia or in antecedentia. Such is the force 
NM. This force in the paflage of the body P from C to A is 
directed in confcquentia to its motion, and therefore accele- 
rates it ; then as far as D in antecedentia, and retards the 
motion; then in confcquentia as far as B ; and laftly tjt anU- 
cedentia as it moves from B to C. 

Cor. 3. And from the fame reafoning it appears that the 
body P, cateris paribus, moves more fwiftly in the conjunc- 
tion and oppofition than in the quadratures. 

*Cor. 4. The orbit of the body P, ceteris paribus, is more 
curve at the quadratures than at the conjunction and oppo- 
sition. For the fwifter bodies move, the lefs they deflect 
from a rectilinear path. And befides the force KL, or NM, 
at the conjunction and oppofition, is contrary to the force 
with which the body T attracts the body P, and therefore 
diminifhes that force; but the body P will deflect the lefs 
from a rectilinear path the lefs it is impelled towards the 
body T. 

Cor. 5. Hence the body P, ceteris paribus, goes farther 
from the body T at the quadratures than at the conjunction 
and oppofition. This is faid, however, fuppofing no regard 
had to the motion of eccentricity. For if the orbit of the 
•body P be eccentrical, its eccentricity (as will be fhewn pre- 
fently by cor. 9) will be greateft when the apfides are in the 
fyzygies ; and thence it may fometimes come to pais that the 
body P, in its near approach to the farther apfis, may go 
farther from the body T at the fyzygies than at the qua- 
dratures. 

Cor. 6. Becaufe the centripetal force of the central body 
T, by which the body P is retained in its orbit, is iocreafed 
at the quadratures by the addition caufed by the force LM, 
and diminifhed at the fyzygies by the fubduction caufed by 
the force KL; and by reafon the force ILL is .greater than 
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•LMis more diminifhed than increafed; and, moreover, fince 
that centripetal force (by cor. 2, prop. 4) is in a ratio com- 
pounded of the fimple ratio of the radius TP direclly, and the 
duplicate ratio of the periodical time inverfely ; it is plain 
that this compounded ratio is diminifhed by the action of 
fche force KL; and therefore that the periodical time, fuppof*. 
ing the radius of the orbit PT to remain the fame, will be ra«- 
creafed, and that in tbe fubduplicate of that ratio m Which 
the centripetal force is drirtinifhed; and therefore, fuppofing 
this radius increased or diminifhed, the periodical time will 
be increafed more or diminifhed lefs than in the fefqtiipheate 
ratio of this radius, by cor. 6, prop. 4. If that force of the 
Central body mould gradually decay, the body P being left 
and lefs attracted would gO farther and farther from the cen*- 
tre T; atid, on the contrary, if it were increafed, it would draw 
iiearer to it. Therefore if the action of the diftant body S, by 
which that force is diminifhed, were to iftcreafe and decrcafe 
by turns, the radius TP will be alfo increafed and diminifhed 
by turns; and the periodical time will be increafed and di- 
minifhed in a ratio coiripounded of the fefquiplicate ratio of 
the radius, and of the fubduplicate of that ratio in which the 
Centripetal force of the central body T is diminifhed or increafc 
ed, by the increafe or decreafe of the action of the diftant 
body S. 

Cor. 7. It alfo follows, from what was before laid down, 
'ihat the axis of the ellipfis defcribed by the body P, Or the 
line of the apfides, does as to its angular motion go forwards 
and backwards by turns, but more forwards than backwards, 
and bythe excefs of its direct motion is in the whole carried for- 
>trards. For the force with which the body P is urged to th* 
body T at the quadratures, where the force MN vaniflies, h 
compounded of the force LM and the centripetal force with 
which the body T attracts the body P. The firft force LM, 
if the diftance PT be increafed, is increafed in nearly the 
fame proportion with that diftance, and the other force de- 
oreafes in the duplicate ratio of the diftance; and therefore 
the fum of thefe two forces decreafes in a Iefe than the dupli- 
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cate ratio of the diftance PT; and therefore, by cor. 1, prop. 
45, will make the line of the apfides, or, which is the fame 
thing, the upper apfis, to go backward. But at the conjunc- 
tion and oppofition the force with which the body P is urged 
towards the body T is the difference of the force KL, and 
of the force with which the body T attracts the body P ; and 
that difference, becaufe the force KL is very nearly increafed 
in the ratio of the diftance PT, decreafes in more than the 
duplicate ratio of the diftance PT; and therefore, by cor. 1, 
prop. 45, caufes the line of the apfides to gerforwards. In the 
places between the fyzygies and the quadratures, the motion 
of the line of the apfides depends upon both thefe caufes con- 
junctly, lb that it either goes forwards or backwards in pro- 
portion to the excefs of one of thefe caufes above the other. 
Therefore fince the force KL in the fyzygies is almoft twice 
as great as the force LM in the quadratures, the excefs will 
be on the fide of the force KL, and by confequence the line 
of the apfides will be carried forwards. The truth of this and 
the foregoing corollary will be more eafily underftood by con- 
ceiving the fyftem of the two bodies T and P to be furround- 
ed on every fide by leveral bodies S, S, S, &c. difpofed about 
the orbit ESE. For by the actions of thefe bodies the action 
of the body T will be diminifhed on every fide, and decreafe 
in more than a duplicate ratio of the diftance. 

Cor. 8. But fince the progrefs or regrefs of the apfides de- 
pends upon the decreafe of the centripetal force, that is, upon 
its being m a greater or lefs ratio than the duplicate ratio 
of the diftance TP, in the paffage of the body from the 
lower apfis to the upper; and upon a like increafe in its re- 
turn to the lower apfis again ; and therefore becomes greatefi; 
where the proportion of the force at the upper apfis to the 
» force at the lower apfis recedes fartheft from the duplicate 
ratio of the diftances inverfely; it is plain, that, when the ap- 
fides are in the fyzygies, they will, by reafon of the fubducV 
ing force KL or NM — LM, go forward more fwiftly; and 
in the quadratures by the additional force LM go backward 
more (lowly. Becaufe the velocity of the progrefe or flow- 
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nefs of the regrefs is continued for a long time; this inequali- 
ty becomes exceedingly great. 

Cor. 9. If a body is oMiged, by a force reciprocally pro- 
portional to the fquare of its diflance from any centre, to re- 
volve in an ellipfis round that centre; and afterwards in its 
defcent from the upper apfis to the lower apfis, that force by 
a perpetual acceffion of new force is increafed in more than 
a duplicate ratio of the diminifhed diflance; it is manifeft 
that the body, being impelled always towards the centre by 
the perpetual acoeilion of this new force, will incline more 
towards that centre than if it were urged by that force alone 
which decreafes in a duplicate ratio of the diminiftied diftance, 
and therefore will defcribe an orbit interior to that elliptical 
orbit, and at the lower apfis approaching nearer to the centre 
than before. Therefore the orbit by the acceilion of this 
new force will become more eccentrical. If now, while the 
body is returning from the lower to the upper apfis, it ihould 
decreafe by the fame degrees by which it increafes before the 
body would return to its tirft diftance; and therefore if the 
force decreafes in a yet greater ratio, the body, being now 
lefs at traded than before, will afcend to a (till greater dif- 
tance, and fo the eccentricity of the orbit will be increafed 
Hill more. Therefore if the ratio of the increafe and de- 
creafe of the centripetal force be augmented each revolution, 
the eccentricity will be augmented alfo; and, on the contrary, 
jf that ratio decreafe, it will be dimini/hed. 

Now, therefore, in the fyltem of the bodies T, P, S, when 
the apfides of the orbit PAB are in the quadratures, the ratio 
of that increafe and decreafe is leaft of all, and becomes 
greateft when the apfides are in the fyzygies. If the apfides 
are placed in the quadratures, the ratio near the apfides is lefs, 
, and near the fyzygies greater, than the duplicate ratio of the 
diftances; and from that greater ratio arifes a direct motion of 
the line of the apfides, as was juft now laid. But if we con- 
fider the ratio of the whole increafe or decreafe in the progrefs 
between the apfides, this is lefs than the duplicate ratio of the 
diftances. The force in the lower is to the force in theupper 
apfis in lefs than a duplicate ratio of the diftance 0/ 
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the upper apfis from the focus of the ellipfis to the dis- 
tance of the lower apfis from the fame focus; and, con- 
trariwife, when the apfides are placed in the fyzygies, the 
force in the lower apfis is to the force in the upper apfis in a 
greater than a duplicate ratio of the diftances. For the 
forces LM in the quadratures added to the forces of the body 
T compofe forces in a lefs ratio ; and the forces KL in the 
fyzygies fubdu&ed from the forces of the body T, leave the 
forces in a greater ratio. Therefore the ratio of the whole 
increafe and decreafe in the paffage between the apfides is 
leaft at the quadratures and greateft at the fyzygies; and 
therefore in the paffage of the apfides from the quadratures to 
the fyzygies it is continually augmented, and increafes the 
eccentricity of the ellipfis; and in the paffage from the fyzy- 
gies to the quadratures it is perpetually decreafing, and dimi- 
nifhes the eccentricity. 

Cob. 10. That we may give an account of the errors as to 
latitude, let us fuppofe the plane of the orbit EST to remain 
immovable; and from the caufe of the errors above explained, 
it is manifeft, that, of the two forces NM, ML, which are the 
only and entire caufe of them, the force ML acting always in 
the plane of the orbit PAB never difturbs the motions as to 
latitude; and that the force NM, when the nodes are in the 
fyzygies, acting alio in the fame plane of the orbit, does not 
at that time affect thofe motions. But when the nodes are 
in the quadratures, it difturbs them very much, and, attract- 
ing the body P perpetually out of the plane of its orbit, it di- 
minifhes the inclination of the plane in the paffage of the body 
from the quadratures to the fyzygies, and again increafes the 
fame in the paffage from the fyzygies to the quadratures. 
Hence it comes to pafs that when the body is in the fyzygies, 
the inclination is then leafl of all, and returns to the firft magni- 
tude nearly, when the body arrives at the next node. But if 
the nodes are fituate at the octants after the quadratures, that 
is, between C and A, D and B, it will appear, from what was 
jufl now fliewn, that, in the paffage of the body P from either 
node to the ninetieth degree from thence, the inclination of 
the plane is perpetually diminifhed; then, in the paffage 
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through the next 45 degrees to the next quadrature, the in- ' 
clination is increafed; and afterwards, again, in its paifage 
through another 45 degrees to the next node, it is diniiniih- 
«d. Therefore the inclination is more diminiihed than in- 
creafed, and is therefore always lefs in the fuhfequent node 
than in the preceding one. And, by a like reafoning, the 
inclination is more increafe4 than diminiihed when the 
nodes are in the other o&ants between A and D, B and 
C. The inclination, therefore, is the greateft of all when the 
nodes are in the fyzygies. In their paffage from the fyzygies 
to the quadratures the inclination is diminiihed at each ap- 
pulfe of the body to the nodes; and becomes leaft of all when 
the nodes are in the quadratures, and the body in the fyzy- 
gies; then itincreafes by the fame degrees by which it de- 
creafed before; and, when the nodes come to the next fyzy- 
gies, returns to its former magnitude. 

Cor. 11. Becaufe when the nodes are in the quadratures 
the body P is perpetually attracted from the plane of its orr 
bit; and becaufe this attraction is made towards S in its paf-* 
fage from the node C through the conjunction A to the node f 
D; and to the contrary part in its palTage from the node D 
through the oppofition B to the node C; it is manifeft that, 
in its motion from the node C, the body recedes continually 
from the former plane CD of its orbit till it comes to the 
next node; and therefore at that node, being now at its 
greateft diftance from the firft plane CD, it will pafs through 
the plane of the orbit EST not in D, the other node of that 
plane, but in a point that lies nearer to the body S, which 
therefore becomes a new place of the node in antecedentia to 
its former place. And, by a like reafoning, the nodes will 
continue to recede in'their paflage from this node to the next. 
The nodes, therefore, when fituate in the quadratures, recede 
perpetually ; and at the fyzygies, where no perturbation can 
be produced in the motion as to latitude, are quiefcent: in 
the intermediate places they partake of both conditions, and 
recede more ilowly; and, therefore, being always either retro- 
grade or ftationary, they will be carried backwards, or in qn- 
Uccdentia, each revolution. 
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Cor. 12. All the errors defcribed in thefe corollaries are a 
little greater at the conjunction of the bodies P, S, than at 
their oppofition; becaufe the generating forces NMand ML 
are greater. 

Cor. 13. And fince the caufes and proportions of the er- 
rors and variations mentioned in thefe corollaries do not de- 
pend upon the magnitude of the body S, it follows that all 
* things before demonftrated will happen, if the magnitude of 
the body S be imagined fo great as that the fyftem of the two 
bodies P and T may revolve about it. And from this increafe 
of the body S, and the confequent increafe of its centripetal 
force, from which the errors of the body P arife, it will follow 
that all thefe errors, at equal diftances, will be greater* in this 
cafe, than in the other where the body S revolves about the 
fyllem of the bodies P and T. 

Cor. 14. But fince the forces NM, ML, when the body S 
is exceedingly diftant, are very nearly as the force SK and the 
ratio of PT to ST conjunctly; that is, if both the di fiance PT, 
and the abfolute force of the body S be given, as ST 3 recipro- 
cally; and fince thofe forces NM, ML are the caufes of all 
the errors and effects treated of in the foregoing corollaries; it 
is ruanifeft that all thofe effects, if the fyftem of bodies T and 
P continue as before, and only the diftance ST and the ab- 
folute force of the body S be changed, will be very nearly in 
a ratio compounded of the direct ratio of the abfolute force of 
the body S, and the triplicate inverfe ratio of the diftance ST. 
Hence if the fyftem of bodies T and P revolve about a diftant 
body S, thofe forces NM, ML, and their effects, will be (by 
cor. 2 and 6, prop. 4) reciprocally in a duplicate ratio of the 
periodical time. And thence, alfo, if the magnitude of the 
body S be proportional to its abfolute force, thofe forces NM, 
ML, and their effects, will be directly as the cube of the ap- 
parent diameter of the diftant body S viewed from T, and fo 
m vice verfa. For thefe ratios are the fame as the compounded 
ratio above-mentioned. 

Cor. 15. And becaufe if the orbits ESE and PAB, retain- 
ing their figure, proportions, and inclination to each other, 
fhould alter their magnitude; and the forces of the bodies § 
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and T ihould either remain, or be changed in any given ratio; 
thefe forces (that is, the force of the body T, which oblige* the 
body P to deflect from a rectilinear courfe into the orbit 
PAB, and the force of the body S, which caufes the body P 
to deviate from that orbit) would act always in the fame 
manner, and in the fame proportion; it follows, that all the 
effects will be fimilar and proportional, and the times of thofe 
effects proportional alfo; that is, that all the linear errors 
will be as the diameters of the orbits, the angular errors the fame 
as before; and the times of fimilar linear errors, or equal an- 
gular errors, as the periodical times of the orbits. 

Cor. 16. Therefore if the figures of the orbits and their 
inclination to each other be given, and the magnitudes, forces* 
and diftances of the bodies be any how changed, we may, 
from the errors and times of thofe errors in one cafe, collect 
very nearly the errors and times of the errors in any other 
cafe. But this may be done more expeditioufly by the fol- 
lowing method. The forces NM, ML, other tbiugs remain-* 
* ing unaltered, are as the radius TP; and their periodical ef- 
fects (by cor. % lem. 10) are as the forces and the fquare of 
the periodical time of the body P conjunctly. Thefe are the 
linear errors of the body P; and hence the angular errors as 
they appear from the centre T (that is, the motion of the ap- 
fides and of the nodes, and all the apparent errors as to lon- 
gitude and latitude) are in each revolution of the body P as 
the fquare of the time of the revolution, very nearly. Let 
thefe ratios be compounded with the ratios in cor. 14, and in 
any fyftem of bodies T, P, S, where P revolves about T very 
near to it, and T revolves about S at a great diftance, the an* 
gular errors of the body P, obferved from the centre T, will 
be in each revolution of the body P as the fquare of the 
periodical time of the body P directly, and the fquare of the 
periodical time of the body T inverfely. And therefore the 
mean motion of the line of the apfides will be in a given ra- 
tio to the mean motion of the nodes; and both thofe motions 
will be as the periodical time of the body P directly, and the 
fquare of the periodical time of the body T inverfely. The 
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increafe or diminution of the eccentricity and inclination of 
the orbit PAB makes no fenfible variation in the motions of 
the aplides and nodes, unlcfs that increafe or diminution be 
very great indeed. 

Cor. 17. Since the line LM becomes fometimes greater 
and fometimes lefs than the radius PT, let the mean quan- 
tity of the force LM be exprefled by that radius PT; and 
then that mean force will be to the mean force SK or SN 
(which may be atfb exprefled by ST) as the length PT to the 
length ST. But the mean force SN or ST, by which the 
body T is retained in the orbit it defcribes about S, is to the 
force with which the body P is retained in its orbit about T 
in a ratio compounded of the ratio of the radius ST to the ra- 
dius PT, and the duplicate ratio of the periodical time of the 
body P about T to the periodical time of the body T about S. 
And, ex a quo, the mean force LM is to the force by which 
the body P is retained in its orbit about T (or by which the 
fame body *P«might revolve at the diftance PT in the fame 
periodical time about any immovable poiut T) in the fame 
duplicate ratio of the periodical times. The periodical times 
therefore being given, together with the diftance PT, the 
mean force LM is alfo given ; and that force being given, 
there is given alfo the force MN, very nearly, by the analogy 
of the lines PS and MN. 

Cor. 18. By the fame laws by which the body P revolves 
about the body T, let us fuppofe many fluid bodies to move 
round T at equal diftances from it; and to be fo numerous, 
that they may all become contiguous to each other, fo as to 
form a fluid annulus, or ring, of a round figure, and concen- 
trical to the body T; and the feveral parts of this annulus, per- 
forming their motions by the fame law as the body P, will 
draw nearer to the body T, and move fwifter in the conjunction 
and oppofition of themfelves and the body S, than in the qua- 
dratures. And the nodes of this annulus, or its interfe&ions 
with the plane of the orbit of the body S or T, will reft at the 
fyzygies; but out of the fyzygies they will be carried back- 
ward, or in anlecedentia; with the greateft fwiftnefs in the 
quadratures, and more llowly in other places. The inclina- 
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tion of this annulus alio will vary, and its axis will ofcillate 
each revolution, and when the revolution is completed will 
return to its former fituation, except only that it will he car- 
ried round a little by the praeceffion of the nodes. 

Cob. J 9- Suppofe now the fphaerical body T, confiding of 
fome matter not fluid, to be enlarged, and to extend itfelf on 
every fide as far as that annulus, and that a channel were cut 
all round its circumference containing water ; and that this 
fphere revolves uniformly about its own axis in the fame perio- 
dical time. This water being accelerated and retarded by 
turns (as in the laft corollary), will be* fwifter at the fyzygies, 
and flower at the quadratures, than the furface of the globe, 
and fo will ebb and flow in its channel after the manner of the 
fea. If the attraction of the body S were taken away, the 
water would acquire no motion of flux and reflux by revolving 
round the quiefcent centre of the globe. The cafe is the 
fame of a globe moving uniformly forwards in a right line, and 
in the mean time revolving about its centre (by cor. 5 of the 
laws of motion), and of a globe uniformly attracted from its 
rectilinear courfe (by cor. 6, of the fame laws). But let the 
body S come to act upon it, and by its unequable attraction the 
water will receive this new motion ; for there will be a 
fironger attraction upon that part of the water that is neareft 
to the body, and a weaker upon that part which is more 
remote. And the force LM will attract the water downwards 
at the quadratures, and deprefs it as far as the fyzygies; and 
the force KL will attract it upwards in the fyzygies, and with- 
hold its defcent, and make it rife as far as the quadratures; ex- 
cept only in fo far as the motion of flux and reflux may be 
directed by the channel of the water, and be a little retarded 
by friction. 

Cor. 20. If, now, the annulus becomes hard, and the globe 
is diminiflied, the motion of flux and reflux will ceafe; but 
the ofcillating motion of the inclination and the praeceffion of 
the nodes will remain. Let the globe have the fame axis with 
the annulus, and perform its revolutions in the fame times, and 
at its furface touch the annulus within, and adhere to it; then 
the globe partaking of the motion of the annulus, this whole 
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coin pages will ofcillate, and the nodes will go backward, for 
the globe, as we (hall ftiew prefently, is perfectly indifferent 
to the receiving of all impreflions. The greateft angle of the 
inclination of the annulus fingle is when the nodes are in the 
fyzygies. Thence in the progrefs of the nodes to the quadra- 
tures,, it endeavours to diminifti its inclination, and by that en- 
deavour impreffes a motion upon the whole globe. The globe 
retains this motion iinpreffed, till the annulus by a contrary 
endeavour deftroys that motion, and impreffes a new motion 
in a contrary direction. And by this means the greateft mo- 
tion of the decreafing inclination happens when the nodes are 
in the quadratures, and the leaft angle of inclination in the 
octants after the quadratures; and, again, the greateft motion 
of reclination happens when the nodes are in the fyzygies; 
and the greateft angle of reclination in the octants following. 
And the cafe is the fame of a globe without this annulus, if it 
be a little higher or a little denfer in the equatorial than in 
the polar regions ; for the excefs of that matter in the re- 
gions near the equator fupplies the place of the annulus. 
And though we ftiould fuppofe the centripetal force of this 
globe to be any how increafed, fo that all its parts were to 
tend downwards, as the parts of our earth gravitate to the 
centre, yet the phenomena of this and the preceding corol- 
lary would fcarce be altered; except that the places of the 
greateft and leaft height of the water will be different ; for 
the water is now no longer fuftained aud kept in its orbit by its 
centrifugal force, but by the channel in which it flows. 
And, befides, the force LM attracts the water downwards mod 
in the quadratures, and the force KL or NM — LM attracts 
it upwards moft in the fyzygies. And thefe forces conjoined 
ceafe to attract the water downwards, and begin to attract it 
upwards in the octants before the fyzygies; and ceafe to at- 
tract the water upwards, and begin to attract the water down- 
wards in the octants after the fyzygies. And thence the 
greateft height of the water may happen about the octants af- 
ter the fyzygies; and the leaft height about the octants after 
the quadratures; excepting only fo far as the motion of 
.afcent or defcent impreffed by thefe forces may by the vis 
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infita of the water continue a little longer, or be ftopt a little 
1'opner by impediments in its channel. 

Cor. 2 1 . For the fame reafon that redundant matter in the 
equatorial regions of a globe caufes the nodes to go back 
wards, and therefore by the increafe of that matter that re- 
trogradation is increaied, by the diminution is diminiftied 
and by the removal quite ceafes ; it follows, that, if more than 
that redundant matter be taken away, that is, if the globe be 
either more deprefTed, or of a more rare confidence near the 
equator than near the poles, there will arife a motion of the 
nodes in conjequentia. 

Cor. 22. And thence from the motion of the nodes is 
known the conftitution of the .globe. That is, if the globe 
retains unalterably the fame poles, and the motion (of the - 
nodes) be in antecedent ia, there is a redundance of the matter 
near th,e equator ; but if in confcquentia, a deficiency. Sup- 
pofe an uniform and exactly fphacrical globe to be firlt at reft 
in a free fpace ; then by fome impulfe made obliquely upon 
its fuperficies to be driven from its place, and to receive a 
motion partly circular and partly right forward. Becauie 
this globe is perfecUy indifferent to all the axes that pafs 
through its centre, nor has a greater propenfity to one axis 
or to one fituation of the axis than to any other, it is man i fed 
that by its own force it will never change its axis, or the in- 
clination of it. Let now this globe be impelled obliquely by 
a new impulfe in the fame part of its fuperficies as before ; and 
fince the effect of an impulfe is not at all changed by its com- 
ing fooner or later, it is inanifeft that thefe two impulfes, i'uc~ 
ceflively imprefled, will produce the fame motion as if they 
were imprefled at the fame time ; that is, the fame motion as 
if the globe had been impelled by a fimple force compounded 
of them both (by cor. 2, of the laws), that is, a iimple motion 
about an axis of a given inclination. And the cafe is the 
fame if the fecond impulfe were made upon any other place of 
the equator of the firft motion ; and alfo if the firft impulfe 
were made upon any place in the equator of the motion which 
would be generated by the fecond impulfe alone ; and there- 
fore, alfo, when both impulfes are made in any places what- 
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foever ; for thefe impulfes will generate the fame circular mo- 
tion as if they were itnpreifed together, and at once, in the 
place of the interferons of the equators of thofe motions, 
which would be generated by each of them feparately. There- 
fore, a homogeneous and perfect globe will not retain feveral 
diftinc^ motions, but will unite all thofe that are impreffed on 
it, and reduce them into one ; revolving, as far as in it lies, 
always with a fimple and uniform motion about one fingle 
given axis, with an inclination perpetually invariable. And 
the inclination of the axis, or the velocity of the rotation, will 
not be changed by centripetal force. For if the globe be fup- 
pofed to be divided into two hemifpheres, by any plane what- 
soever palling through its own centre, and the centre to which 
the force is directed, that force will always urge each hemi- 
fphere equally ; and therefore will not incline the globe any 
way as to its motion round its own axis. But let there be ad- 
ded any where between the pole and the equator a heap of 
new matter like a mountain, and this, by its perpetual endea- 
vour to recede from the centre of its motion, will difturb the 
motion of the globe, and caufe its poles to wander about its 
fuperficies, defcribing circles about themfelves and their op- 
pofite points. Neither can this enormous evagation of the 
poles be corrected, unlefs by placing that mountain either in 
one of the poles ; in which cafe, by cor. 21, the nodes of the 
equator will go forwards; or in the equatorial regions, in 
which cafe, by cor. 20, the nodes will go backwards ; or, lailly, 
by adding on the other fide of the axis a new quantity of mat- 
ter, by which the mountain may be balanced in its motion ; 
and then the nodes will either go forwards or backwards, as 
the mountain and this newly added matter happen to be 
nearer to the pole or to the equator. 

PROPOSITION LXVIL THEOREM XXVII. 
The fame laws of attraction being fuppofed, I fay, that the ex- 
terior body S does, by radii drawn to the point O, the com~ 
mon centre of gravity of the interior bodies P and T, defcribc 
round that centre areas more proportional to the times, and 
an orbit more approaching to the form of an ellipfis having 
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its focus in that centre, than it can defcribe round the inner- 
mojl and greateji body T by radii drawn to that body. 
For the attractions of the body S (PI. 2 J, Fig. S) towards 
T and P compofe its abfolute attraction, which is more di- 
rected towards O, the common centre of gravity of the bodies 
T and P, than it is to the greateft body T ; and which is more 
in a reciprocal proportion to the fquare of the diftance SO, 
than it is to the fquare of the diftance ST ; as will eafily ap- 
pear by a little confederation. 

PROPOSITION LXVIII. THEOREM XXVIII. 
The fame laws of attraction fuppofed, I fay, that the exterior 
body S will, by radii drawn to O, the common centre of gra- 
vity of the interior bodies P and T, defcribe round that cen- 
tre areas more proportional to the times, and an orbit mofe 
approaching to the form of an ellipfis having its focus in that 
centre, if the innermoft and greateft body be agitated by 
thefe attractions as well as the reft, than it would do if that 
body were either at reft as not attraBed, or were much more 
or much lefs attracted, or much more or much lefs agi- 
tated. 

This may be demonftrated after the fame manner as prop. 
66, but by a more prolix reafoning, which I therefore pafs 
over. It will be fufticient to confider it after this manner* 
From the demonftration of the laft propofition it is plain, that 
the centre, towards which the body S is urged by the two 
forces conjunctly, is very near to the common centre of gra- 
vity of thofe two other bodies. If this centre were to coincide 
with that common centre, and moreover the common centre 
of gravity of all the three bodies were at reft, the body S on 
one fide, and the common centre of gravity of the other two 
bodies on the other fide, would defcribe true ellipfes about 
that quiefcent common centre. This appears from cor. 2, 
prop. 58, compared with what was demonftrated in prop. 64 
and 65. Now this accurate elliptical motion will be difturbed 
a little by the diftance of the centre of the two bodies from the 
centre towards which the third body S is attracted. Let there 
be added, moreover, a motion to the common centre of the 
three, and the perturbation will be increafed yet more. 
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Therefore the perturbation is leaft when the common centre 
of the three bodies is at reft ; that is, when the innermoft and 
greateft body T is attracted according to the lame law as the 
reft are ; and is always greateft when the common centre 
of the three, by the diminution of the motion of the body T, 
begins to be moved, and is more and more agitated. 

Cor. And hence if more lefler bodies revolve about the 
great one, it may eafily be inferred that the orbits defcribed 
will approach nearer to ellipfes ; and the defcriptions of areas 
will be more nearly equable, if all the bodies mutually attract 
and agitate each other with accelerative forces that are as 
their abfolute forces directly, and the fquares of the diftances 
inverfely ; and if the focus of each orbit be placed in the 
common centre of gravity of all the interior bodies (that is, 
if the focus of the firft and innermoft orbit be placed in the 
centre of gravity of the greateft and innermoft body ; the fo- 
cus of the fecond orbit in the common centre of gravity of the 
two innermoft bodies; the focus of the third orbit in the com- 
mon centre of gravity of the three innermoft; and fo on), than 
if the innermoft body were at reft, and was made the common 
focus of all the orbits. 

PROPOSITION LXIX. THEOREM XXIX. 
In a fyftem of feveral bodies A, B, C, D, #c. if any one of thofe 

bodies, as A, attracl all the reft, B, C, D, ftc. with accele- 
rative forces that are reciprocally as the fquares of the 
diftances from the attracting body ; and another body, as B, 
attracts alfo the reft, A, C, D, o)c. with forces that arc re- 
ciprocally as the fquares of the diftances from the attracting 
body ; the abfolute forces of the attracting bodies A and B 
will be to each other as thofe very bodies A and B to which 
thofe forces belong. 

For the accelerative attractions of all the bodies B, C, D, 
towards A, are by the fuppofition equal to each other at equal 
diftances; and in like manner the accelerative attractions of 
all the bodies towards B are alfo equal to each other at equal 
diftances. But the abfolute attractive force of the body A is 
to the abfolute attractive force of the body B as the accele- 
rative attraction of all the bodies towards A to the accelerative 
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attraction of all the bodies towards B at equal diftances ; and 
fo is alio the aceelerative attraction of the body B towards A 
to the aceelerative attraction of the body A towards B. But 
the aceelerative attraction of the body B towards A is to the 
aceelerative attraction of the body A towards B as the mafs 
of the body A to the mafs of the body B ; becaufe the mo- 
tive forces which (by the 2d, 7th, and 8th definition) are as, 
the aceelerative forces and the bodies attracted conjunctly 
are here equal to one another by the third law. Therefore the 
abfolute attractive force of the body A is to the abiblute at- 
tractive force of the body B as the mafs of the body A to the 
mafs of the body B. Q.E.D. 

Cor. 1. Therefore if each of the bodies of the fyftem A, B, 
C, D, &c. does fingly attract all the reft with aceelerative 
forces that are reciprocally as the fquares of the diftances from 
the attracting body, the abfolute forces of all thofe bodies will 
J>e to each other as the bodies themfelves. 

Cor. 2. By a like reafoning, if each of the bodies of the 
fyftem A, B, C, D, &c. do fingly attract all the reft with ac- 
eelerative forces., which are either reciprocally or dire&ly in 
the ratio of any power whatever of the diftances from the at- 
tracting body ; or which are defined by the diftances from 
each of the attracting bodies according to any common law ; 
it is plain that the abfolute forces of thofe bodies are as the 
bodies themfelves. 

Cor. 3. In a fyftem of bodies whofe forces decreafe in the 
duplicate ratio of the diftances, if the letter revolve about one 
yery great one in ellipfes, having their common focus in the 
centre of that great body, and of a figure exceedingly accu- 
rate ; and moreover by radii drawn to that great body defcribe 
areas proportional to the times exactly ; the abfolute forces of 
thofe bodies to each other will be either accurately or very 
nearly in the ratio of the bodies. And fo on the contrary, 
This appears from cor. of prop. 68, compared with the firft 
corollary of this prop. 

SCHOLIUM. 

Thefe propofitions naturally lead us to the analogy there ' 8 
between centripetal forces, and the central bodies to which 
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thofe forces ufed to be directed ; for it is real on able to fuppofe 
that forces which are directed to bodies ihould depend upon 
the nature and quantity of thofe bodies, as we fee they do in 
magnetical experiments. And when fuch cafes occur, we are 
to compute the attractions of the bodies by affigning to each 
of their particles its proper force, and then collecting the fum 
of them all. I here ufe the word attraction in general for any 
endeavour, of what kind foever, made by bodies to approach 
to each other ; whether that endeavour arife from the action 
of the bodies themfelves, as tending mutually to or agitating 
each other by fpirits emitted ; or whether it arifes from the 
action of the aether or of the air, or of any medium whatfo- 
ever, whether corporeal or incorporeal, any how impelling 
bodies placed therein towards each other. In the fame ge- 
neral fenfe I ufe the word impulfe, not defining in this trea- 
tife the fpecies or phyfical qualities of forces, but invefligating 
the quantities and mathematical proportions of them ; as I 
obferved before in the definitions. In mathematics we are to 
inveftigate the quantities of forces with their proportions con- 
fequent upon any conditions fuppofed ; then, when we enter 
upon phyfics, we compare thofe proportions with the phse- 
nomena of Nature, that we may know what conditions of 
thofe forces anfwer to the feveral kinds of attractive bodies. 
And this preparation being made, we argue more fafely con- 
cerning the phyfical fpecies, caufes, and proportions of the 
forces. Let us fee, then, with what forces fphaerical bodies 
confilling of particles endued with attractive powers in the 
manner above fpoken of mull act mutually upon one another; 
and what kind of motions will follow from thence. 

SECTION XII. 
Of the attraclive forces of fpharical bodies, 

PROPOSITION LXX. THEOREM XXX. 
Jff to every point of a fpharical furface there tend equal cen- 
tripetal forces decreafing in the duplicate ratio of the 
cHjlances from thofe points ; I fay, tha^ a corpufcle placed 
within that fuperficies mil not be attracted by thofe forces 
any way. 
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Let HIKL (PI. 21, Fig. 4), be that fphasrical fuperficies, 
and P a corpufcle placed within. Through P let there be 
drawn to this fuperficies the two lines HK y IL, intercepting 
very fmall arcs HI, KL ; and becaufe (by cor. 3, lem. 7) the 
triangles HPI, LPK are alike, thofe arcs will be proportional 
to the diftances HP, LP ; and any particles at HI and KL 
of the fphaerical fuperficies, terminated by right lines paffing 
through P, will be in the duplicate ratio of thofe diftances. 
Therefore the forces of thefe particles exerted upon the body 
P are equal between themfelves. For the forces are as the 
particles directly, and the fquares of the diftances inverfely. 
And thefe two ratios compofe the ratio of equality. The at- 
tractions, therefore, being made equally towards contrary parts, 
deftroy each other. And by a like reafoning ail the attrac- 
tions through the whole fphaerical fuperficies are deftroyed by 
contrary attractions. Therefore the body P will not be any 
way impelled by thofe attractions. Q.E.D. 

PROPOSITION LXXI. THEOREM XXXI. 
The fame things fuppofedas above, I fay, that a corpufcle placed 

without the fpharical fuperficies is attracted towards the cen- 
tre of the fphere with a force reciprocally proportional to 
the fquare of its difiance from that centre. 
Let AHKB, ahkb (PI. 21, Fig. 5), be two equal fphaerical 
fuperficies defcribed about the centres S, s; their diameters 
AB, ab ; and let P and p be two corpufcles fituate without 
the fpheres in thofe diameters produced. Let there be drawn 
from the corpufcles the lines PHK, PIL, phk, pil, cutting off 
from the great circles AHB, ahb, the equal arcs HK, hkj, 
IL, il ; and to thofe lines let fall the perpendiculars SD, sd, 
SE, se, IR, ir; of which let SD, sd, cut PL, pi, in F and f. 
Let fall alfoto the diameters the perpendiculars IQ, iq. Let 
now the angles DPE, dpe vanifh ; and becaufe DS and ds, 
£S and es are equal, the lines PE, PF, and pe, pf, and the 
lineolae DF, df may be taken for equal ; becaufe their laft ra- 
tio, when the angles DPE, dpe vanifli together, is the ratio 
of equality. Thefe things then fuppofed, it will be, as PI to 
PF fo is RI to DF, and as pf to pi fo is df or DF to ri ; and, 
ex aquo, as PI x pf to PF X pi fo is RI to ri 4 that is (by 
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cor. 3,lem. 7), lb is the arc IH to the arc ih. -Again, PI is to 
PS as IQ to SE, and ps to pi as se or SE to iq ; and, ex a quo, 
PI X ps to PS X pi as IQ to iq. And compounding the ra- 
tios PI 1 X pf x ps is to pi 1 x PF x PS, as IH x IQ to 
ih X iq ; that is, as the circular fuperficies which is defcribed 
by the arc IH, as the femi-circle AKB revolves about the dia- 
meter AB, is to the circular fuperficies defcribed by the arc 
ih as the femi-circle akb revolves about the diameter ab. And 
the forces with which tbefe fuperficies attract the corpufcles 
P and p in the direction of lines tending to thole fuperficies 
are by the hypothefis as the fuperficies themfelves directly, 
and the fquares of the diftances of the fuperficies from thofe 
corpufcles inverfely ; that is, as pf X ps to PF X PS. And 
thefe forces again are to the oblique parts of then) which (by 
the refolution of forces as in cor. 2, of the laws) tend to the 
centres in the directions of the lines PS, ps, as PI to PQ, and 
pi to pq ; that is (becaufe of the like triangles PIQ and PSF, 
piq and psf ), as PS to PF and ps to pf. Thence, ex a quo, the 
attraction of the corpufcle P towards S is to the attraction of the 

. , , PF x pf x ps pf x PF x PS 
corpufcle p towards s as ~g — is to ~ , 

that is, as ps* to PS*. And, by a like reafoning, the forces 
with which the fuperficies defcribed by the revolution of the 
arcs KL, kl attract thofe corpufcles, will be as ps* to PS*. 
And in the fame ratio will be the forces of all the circular fu- 
perficies into which each of the fphaerical fuperficies may be 
divided by taking sd always. equal to SD, and se equal to SE. 
And therefore, by compofition, the forces of the entire fpha> 
rical fuperficies exerted upon thofe corpufcles will be in the 
fame ratio. Q.E.D. 

PROPOSITION LXXII. THEOREM XXXII. 
Jf to the fever al points of a fphere there tend equal centripetal 

forces decreafing in a duplicate ratio of the dijiancesfrom 

thofe points ; and there be given both the denfity of the fphere 

and the ratio of the diameter of th e fphere to thedijlance of 

the corpufcle from its centre ; I fay, that the force with which 

the corpufcle is attracled is proportional to the femi-diameUr 

pf the fphere. 
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For conceive two corpufcles to be feverally attracted by two 
fpheres, one by one, tbe other by the other, and their 
diftances from the centres of the fpheres to be proportional 
to the diameters of the fpheres refpeclively ; and the fpheres 
to be refolved into like particles, difpofed in a like fituation to 
the corpufcles. Then the attractions of one corpufcle to- 
wards the feveral particles of one fphere will be to the at- 
tractions of the other towards as many analogous particles of 
the other fphere in a ratio compounded of the ratio of the 
particles directly, and the duplicate ratio of the diftances in. 
verfely. But the particles are as the fpheres, that is, in a tri- 
plicate ratio of the diameters, and the diftances are as the 
diameters : and the firft ratio directly with the laft ratio taken 

* twice inverfely, becomes the ratio of diameter to diameter. 
Q.E.D. 

Cor. 1. Hence if corpufcles revolve in circles about fpheres 
compofed of matter equally attracting, and the diftances 

♦ from the centres of the fpheres be proportional to their dia- 
meters, the periodic times will be equal. 

Cor. 2. And, vice verfa,if the periodic times are equal, the 
diftances will be proportional to the diameters. Tbefe two 
corollaries appear from cor. 3, prop. 4. 

Cor. 3. If to the feveral points of any two folids whatever, 
of like figure and equal denfity, there tend equal centripetal 
forces decreafing in a duplicate ratio of the diftances from 
thofe points, the forces with which corpufcles placed in a 
like fituation to thofe two folids will be attracted by them 
will be to each other as the diameters of the folids. 

PROPOSITION LXXIII. THEOREM XXXIII. 
Jf to the feveral points of a given fphere there tend equal cen- 
tripetal forces decreajing in a duplicate ratio of the diftances 
from the points ; I fay, that a corpufcle placed within the 
fphere is attracled by a force proportional to its dijlance 
from the centre. 

In the fphere ABCD (PI. 21, Fig. 6), defcribed about the 
centre S, let there be placed the corpufcle P ; and about the 
fame centre S, with the interval SP, conceive defcribed an 
interior fphere PEQF. It is plain (by prop. 70) that the 

Vol. I. N 
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concentric fphaerical fuperficies, of which the difference AEBF 
of the Inheres is com poled, have no effect at all upon the 
body P, their attractions being deftroyed by contrary at- 
tractions. There remains, therefore, only the attraction of the 
interior fphere PEQF. And (by prop. 72) this is as the diftance 
PS. Q.E.D. 

SCHOLIUM. 

By the fuperficies of which 1 here imagine the folids coin- 
pofed, I do not mean fuperficies purely mathematical, but 
orbs fp extremely thin, that their thicknefs is as nothing; that 
is, the evanefcent orbs of which the fphere will at lafl con- 
fift, when the number of the orbs is increafed, and their 
thicknefs diminiihed without end. In like manner, by the 
points of which lines, furfaces, and folids are laid to be cora- 
pofed, are to be underllood equal particles, whofe magnitude 
is perfectly inconfiderable. 

PROPOSITION LXXIV. THEOREM XXXIV. 
The fame things fuppofed, I fay , that a corpufcie fituatc without 

the fphere is attracted with a force reciprocally proportional 

to the fquare of its diftance from the centre. 

For fuppofe the fphere to be divided into innumerable con- 
centric fphaerical fuperficies, and the attractions of the cor- 
pufcie arifing from the feveral fuperficies will be reciprocally 
proportional to the fquare of the diftance of the corpufcie 
from the centre of the fphere (by prop. 71). And, by com- 
pofition, the fum of thofe attractions, that is, the attraction 
of the corpufcie towards the entire fphere, will be in the fame 
ratio. Q.E.D. 

Cor. 1. Hence the attractions of homogeneous fpheres at 
equal diftances from the centres will be as the fpheres them- 
felves. For (by prop. 72) if the diftances be proportional 
to the diameters of the fpheres, the forces will be as the dia- 
meters. Let the greater diftance be dimjniflied in that ratio ; 
and the diftances now being equal, the attraction will be in- 
creafed in the duplicate of that ratio; and therefore will be to 
the other attraction in the triplicate of that ratio ; that is, in 
the ratio of the fpheres. 
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Cor. 2. At any diftances whatever the attractions are as 
the fpheres applied to the fquares of the diftances. 

Cor. S. If a corpufcle placed without an homogeneous 
fphere is attracted by a force reciprocally proportional to the 
iquare of its diftance from the centre, and the fphere conlifts 
of attractive particles, the force of every particle will decreafe 
in a duplicate ratio of the diftance from each particle. 

PROPOSITION LXXV. THEOREM XXXV. 
If to the feveral points of a given fphere there tend equal cen- 
tripetal forces decreajing in a duplicate ratio of the diftances 
from the points; I fay, that another fimilar fphere will be at- 
trailed by it zvith a force reciprocally proportional to the 
f quart of the diftance of the centres. 

For the attraction of every particle is reciprocally as the 
fquare of its diftance from the centre of the attracting fphere 
(by prop. 74), and is therefore the fame as if that whole at- 
tracting force ifiued from one {ingle coq>ufcle placed in the 
centre of this fphere. But this attraction is as great as on 
the other hand the attraction of the fame corpufcle would be, 
if that were itfelf attracted by the feveral particles of the at- 
tracted fphere with the fame force with which they are at- 
tracted by it. But that attraction of the corpufcle would be 
(by prop. 74) reciprocally proportional to the fquare of its dif- 
tance from the centre of the fphere; therefore the attraction 
of the fphere, equal thereto, is alfo in the fame ratio. Q.E.D. 

Cor. I . The attractions of fpheres towards other homoge- 
neous fpheres are as the attracting fpheres applied to the 
fquares of the diftances of their centres from the centres of 
thofe which they attract. 

Cor. Q. The cafe is the fame when the attracted fphere 
does alfo attract. For the feveral points of the one attract 
the feveral points of the other with the fame force with which 
they themfelves are attracted by the others again ; and there- 
fore (ince in all attractions (by law 3) the attracted and at- 
tracting point are both equally acted on, the force will be 
doubled by their mutual attractions, the proportions remaining. 

Cor. 3. Tbofe feveral truths demonftrated above con- 
cerning the motion of bodies about the focus of the conic foc- 

N« 
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tions wilJ take place when an attracting fphere is placed in the 
focus, and the bodies move without the fphere. 

Cor. 4. Thofe things which were demonftjrated before of 
the motion of bodies about the centre of the conic fe&iona 
take place when the motions are performed within the fphere, 

PROPOSITION LXXVL THEOREM XXXVI. 
If fpherts be however diffimilar (as to denfity of matter and 

attraclive force) in the fame ratio onward from the centre 
to the circumference ; but every where fimilar, at every given 
difiancefrom the centre, on all fides round about; and the 
attraclive force of every point decreafes in the duplicate ra- 
tio of the dijiance of the body attracted; I fay, that the 
whole force with which one of thefefpheres attracls the other 
will be reciprocally proportional to the fquare of the dif- 
tance of the centres. 

Imagine feveral concentric fimilar fpheres, AB, CD, EF, 
&c. (PI. 22, Fig. 1), the innermoft of which added to the 
outermoft may compofe & matter more denfe towards the cen- 
tre, or fubdu&ed from them may leave the fame more lax 
and rare. Then, by prop. 75, thefe fpheres will attract other 
fimilar concentric fpheres GH, IK, LM, &c. each the other, 
with forces reciprocally proportional to the fquare of the dif- 
tance SP. And, by composition or divifion, the fum of all 
thofe forces, or the excefs of any of them above the others; 
that is, the entire force with which the whole fphere AB 
(compofed of any concentric fpheres or of their differences) 
will attract the whole fphere GH (compoi'ed of any concen- 
tric fpheres or their differences) in the fame ratio. Let the 
number of the concentric fpheres be increafed in infinitum, fo 
that the denfity of the matter together with the attractive 
force may, in the progrefs from the circumference to the cen- 
tre, increafe or decreafe according to any given law ; and by 
the addition of matter not attractive, let the deficient denfity 
be fupplied, that fo the fpheres may acquire any form de- 
fired ; and the force with which one of thefe attracts the 
other will be ftill, by the former reafoning, in the fame ra- 
tio of the fquare of the dtfiance inverfely. Q.E.D. 
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Cor. 1. Hence if many fpheres of this kind, iimilar in all 
refpects, attract each other mutually, the accelerative at- 
• tractions of each to each, at any equal diftances of the cen- 
tres, will he as the attracting fpheres. 

Cor. 2. And at any unequal diftances, as the attracting 
fpheres applied to the fquares of the diftances between the . 
centres. 

Cor. 3. The motive attractions, or the weights of the 
fpheres towards one another, will be at equal diftances of the 
centres as the attracting and attracted fpheres conjunctly ; that 
is, as the products arifing from multiplying the fpheres into 
each other. 

Cor. 4. And at unequal diftances, as thofe products di- 
rectly, and the fquares of the diftances between the centres 
inverfely. 

Cor. 5. Thefe proportions take place alfo when the at- 
traction arifes from the attractive virtue of both fpheres mu- 
tually exerted upon each other. For the attraction is only 
doubled by the conjunction of the forces, the proportions re- 
maining as before. 

Cor. 6. If fpheres of this kind revolve about others at reft, 
each about each ; and the diftances between the centres of 
the quiefcent and revolving bodies are proportional to the 
diameters of the quiefcent bodies; the periodic times will be 
equal. 

Cor. 7. And, again, if the periodic times are equal, the 
diftances will be proportional to the diameters. 

Cor. 8. All thofe truths above demonftrated, relating to 
the motions of bodies about the foci of conic fections, will take 
place when an attracting fphere, of any form and condition 
like that above defcribed, is placed in the focus. 

Cor. 9. And alfo when the revolving bodies are alfo at- 
tracting fpheres of any condition like that above defcribed. 

PROPOSITION LXXVII. THEOREM XXXVII. 
If to the feveral points of Jpheres there tend centripetal forces 

proportional to the diftances of the points from the attracled 

bodies / fay, that the compounded force zpith which two 
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fpheres attracl each other mutually is as the diftance between 
the centres o f the fpheres. 

Case 1. Let AEBF (PI. 22, Fig. 2) be a fphere; S its 
centre ; P a corpufcle attracted ; PASB the axis of the fphere 
patting through the centre of the corpufcle ; EF, ef two planes 
cutting the fphere, and perpendicular to the axis, and equi- 
diftant, one on one fide, the other on the other, from the 
centre of the fphere ; G and g the interferons of the planes 
and the axis ; and H any point in the plane EF. The cen- 
tripetal force of the point H upon the corpufcle P, exerted in 
the direction of the line PH, is as the diftance PH ; and (by 
cor. 2, of the laws) the fame exerted in the direction of the line 
PG, or towards the centre S, is as the length PG. Therefore the 
force of all the points in the plane EF(that is, of that whole 
plane) by which the corpufcle P is attracted towards the centre 
S is as the diftance PG multiplied by the number of thofe points, 
that is, as the folid contained under that plane EF and the 
diftance PG. And in like manner the force of the plane ef, 
by which the corpufcle P is attracted towards the centre S, is 
as that plane drawn into its diftance Pg, or as the equal plane 
EF drawn into that diftance Pg ; and the fum of the forces 
of both planes as the plane EF drawn into the fum of the 
diftances PG 4- Pg, that is, as that plane drawn into twice 
the diftance PS of the centre and the corpufcle ; that is, as 
twice the plane EF drawn into the diftance PS, or as the fum 
of the equal planes EF + ef drawn into the fame diftance. 
And, by a like reafoning, the forces of all the planes in the 
whole fphere, equi-diltanton each fide from the centre of the 
fphere, are as the fum of thofe planes drawn into the diftance 
PS, that is, as the whole fphere and the diftance PS con- 
jun&ly. Q.E.D. 

Case 2. Let now the corpufcle P attract the fphere 
AEBF. And, by the fame reafoning, it will appear that 
the force with which the fphere is attracted is as the diftance 
PS. Q.E.D. 

Case 3. Imagine another fphere compofed of innumerable 
corpufcles P ; and becaufe the force with which every cor- 
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pufcle is attracted is as the diftance of the corpufcle from the 
centre of the firft fphere, and as the fame fphere conjunctly, 
and is therefore the fame as if it all proceeded from a fingle 
corpufcle fituate in the centre of the fphere, the entire force 
with which, all the corpufcles in the fecond fphere are attract- 
ed, that is, with which that whole fphere is attracted, will be 
the fame as if that fphere were attracted by a force iffuing 
from afingle corpufcle in the centre of the firft fphere; and is 
therefore proportional to the diftance between the centres of 
the fpheres. Q.E.D. 

Case 4. Let the fpheres attract each other mutually, and 
the force will be doubled, but the proportion will remain. 
Q.E.D. 

Case 5. Let the corpufcle p be placed within the fphere 
AEBF (Fig. 3); and becaufe the force of the plane ef upon 
the corpufcle is as the folid contained under that plane and the 
diftance pg ; and the contrary force of the plane EF as the 
folid contained under that plane and the diftance pG ; the 
force compounded of both will be as the difference of the fo- 
lids, that is, as the fum of the equal planes drawn into half 
the difference of the diftances ; that is, as that fum drawn into 
pS, the diftance of the corpufcle from the centre of the fphere. 
And, by a like reafoning, the attraction of all the planes EF, 
ef, throughout the whole fphere, that is, the attraction of 
the whole fphere, is conjunctly as the fum of all the planes, 
or as the whole fphere, and as pS, the diftance of the corpufcle, 
from the centre of the fphere. Q.E.D. 

Case 6. And if there be compofed a new fphere out of in- 
numerable corpufcles fuch as p, fituate within the firft fphere 
AEBF, it may be proved, as before, that the attraction, whe- 
ther fingle of pne fphere towards the other, or mutual of 
both towards each other, will be as the diftance pS of the 
centres. Q.E.D. 

PROPOSITION LXXyill. THEOREM XXXVIII. 

Jf fpherts in the progrefs from the centre to the circumference 
he however diffimilar and unequable, but fimilar on every 
fide round about at all given diftances from the centre ; and 
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the attractive force of every point be as the difiance of the 
attracled body ; I fay, that the entire force with which two 
fpheres of this kind attracl each other mutually is propor- 
tional to the difiance between the centres of the fpheres. 
This is demonftrated from the foregoing propofition, in the 

fame manner as the 76th propofition was demonftrated from 

the 75th. 

Cor. Thofe things that were above demonftrated in prop. 
10 and 64, of the motion of bodies round the centres of co- 
nic fections, take place when all the attractions are made by 
the force of fphaerical bodies of the condition above de- 
fcribed, and the attracled bodies are fpheres of the fame 
kind. 

SCHOLIUM. 

I have now explained the two principal cafes of attractions; 
to wit, when the centripetal forces decreafe in a duplicate ra- 
tio of the diftances, or increafe in a fimple ratio of the dif- 
tances, cauiing the bodies in both cafes to revolve in conic 
fections, and compofing fphaerical bodies whofe centripetal 
forces obferve the fame law of increafe or decreafe in the re- 
cefs from the centre as the forces of the particles themfelves 
do ; which is very remarkable. It would be tedious to run 
over the other cafes, whofe conclufions are lefs elegant and 
important, fo particularly as I have done thefe. I chufe ra- 
ther to comprehend and determine them all by one general 
method as follows. 

LEMMA XXIX. 
If about the* centre S (PI. 22, Fig. 4) there be dejcribed any 

circle as AEB, and about the centre P there be alfo de- 
fer ibed two circles EF, ef, cutting the firft in E and e, and 
the line PS in F and f ; and there be let fall to PS the per- 
pendiculars ED, ed ; / fay, that, if the difiance of the arcs 
EF, ef be fuppofed to be infinitely diminijhed, the loft ratio , 
of the evanefcent line Dd to the evanefcent line Ff is the fame 
as that of the line PE to the line PS. 

For if the line Pe cut the arc EF in q ; and the right line 
Ee, which coincides with the evanefcent arc Ee, be produced, 
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and meet the right line PS in T; and there be let fall from 
S to PE the perpendicular SG ; then, becaufe of the like 
triangles DTE, dTe, DES, it will be as Dd to Ee fo DT to 
TE, or DE to ES; and becaufe the triangles Eeq, ESG (by 
lem. 8, and cor. 3, lem. 7) are fimilar, it will be as Ee to eq 
dr Ff fo ES to SG ; and, ex aquo, as Dd to Ff fo DE to SG^ 
that is (becaufe of the fimilar triangles PDE, PGS), fo is PE 
to PS. Q.E.D. 

PROPOSITION LXXIX. THEOREM XXXIX. 
Sappoje a fuperficies as EFfe (PL 22. Fig. 5) to have its 

breadth infinitely diminijhed, and to bejttjl vanifhing; and 

that the fame fuperficies by its revolution round the axis 

PS defcribes afpfuerical concavo-convex folid, to the feveral 

equal particles of which there tend equal centripetal forces; 

I fay, that the force with which that folid attracls a corpuf- 

cle fituate in P is in a ratio compounded of the ratio of the 

folid DE* X Ff and the ratio of the force with which the 

given particle in the place Ff would attract the fame 

corpufcle. 

For if we confider, firft, the force of the fphaerical fuperficies 
FE which is generated by the revolution of the arc FE, and 
is cut any where, as in r, by the line de, the annular part of 
the fuperficies generated by the revolution of the arc rE wiH 
will be as thelineolae Dd, the radius of the fphere PE remain- 
ing the fame; as Archimedes has demonftrated in his book 
of the fphere and cylinder. And the force of this fuperficies 
exerted in the direction of the lines PE or Pr fituate all round 
in the conical fuperficies, will be as this annular fuperficies 
itfelf; that is, as the lineolai Dd, or, which is the fame, as the 
rectangle under the given radius PE of the fphere and the line- 
olae Dd; but that force, exerted in the direction of the line PS 
tending to the centre S, will be lefs in the ratio of PD to PE, 
and therefore will be as PD X Dd. Suppofe now the line 
DF to be divided into innumerable little equal particles, each 
of which call Dd, and then the fuperficies FE will be divided 
into fo many equal annuli, whofe forces will be as the funt 
of all the reaangles PD x Dd, that is, as |PF* — f PD*, * 
and therefore as DE*. Let now the fuperficies FE be drawn 
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into the altitude Ff ; and the ibrce of the folid EFfe exerted 

upon the corpufcle P will be as DE* X Ff ; that is, if the 

force be given which any given particle as Ff exerts upon 

the corpufcle P at the diftance PF. But if that force be not 

given, the force of the folid EFfe will be as the folid DE* x 

Ff and that force not given, conjunctly. Q.E.D. 

PROPOSITION LXXX. THEOREM XL. 
If to the federal equal parts of a fpliere ABE (PI. 22, Fig. 6) 

defcribed about the. centre S t/iere tend equal centripetal 

forces; and from the feyeral pohtts D in the axis of the 

fphere AB in which a corpufcle, as P, is placed, there be 

ere died the perpendiculars DE meeting the fphere in E r and 

if in thofe perpendiculars the lengths DN be taken as the 

DE* x PS 

quantity ^ , and as the force which a particle of 

the fphere jituate in the axis exerts at the difiance PE upon 
the corpufcle P conjunctly \ I fay* that the whole force with 
which the corpufcle P is attracled towards the fphere is as 
the area ANB, comprehended under the axis of the fphere 
AB, and the curve line ANB, the locus of the point N. 
For fuppofing the conftruclion in the Iatl lemma and theo- 
rem to ftand, conceive the axis of the fphere AB to be divided 
into innumerable equal particles Dd, and the whole fphere 
to be divided into fo many fphaerical concavo-convex laminae 
EFfe; and erect; the perpendicular dn. By the lalt theorem, 
the force with which the laminae EFfe attracts the corpufcle 
P is as DE* X Ff and the force of one particle exerted at 
the diftance PE or PF, conjunctly. But (by the laft lemma) 
Dd is to Ff as PE to PS, and therefore Ff is equal to 

PS x Dd nri DE* x PS , 
— — — ; and Dhr X Ff is equal to Dd X -— ;and 

therefore the force of the laminae EFfe is as Dd X ^ * ^ 

PE 

and the force of a particle exerted at the diftance PF con- 
junctly; that is, by the fuppofition, as DN X Dd, or as the 
evanefcent area DNnd. Therefore the forces of all the 
laminae exerted upon the corpufcle P are as all the areas 
DNnd, that is, the whole force of the fphere will be as the 
whole area ANB. Q.E.D. 
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Cor. 1. Hence if the centripetal force tending to the 
feveral particles remain always the fame at all diftances, and 

DE* x PS 

DN be made as , the whole force with which the 

corpufcle is attracted by the fphere is as the area ANB. 

Cor. 2. If the centripetal force of the particles be recipro- 
cally as the diftance of the corpufcle attracted by it, and DN 
DE* x PS 

be made as — lTr; — - , the force with which the corpufcle P is 

PL 1 

attracted by the whole fphere will be as the area ANB. 

Cor. 3. If the centripetal force of the particles be reci- 
procally as the cube of the diftance of the corpufcle attracled 

DE* x PS 

by it, and DN be made as — , the force with which 

the corpufcle is attracled by the whole fphere will be as the 
area ANB. 

Cor. 4. And univerfally if the centripetal force tending 
to the feveral particles of the fphere be fuppofed to be rcei- 

DE* x PS 

procally as the quantity V; and DN be made as — 

the force with which a corpufcle is attracted by the whole 
fphere will be as the area ANB. 

PROPOSITION LXXXI. PROBLEM XLt. 
The things remaining as above, it is required to meajure the 

area ANB. (PL 23, Fig. 1.) 

From the point P let there be drawn the right line PH 
touching the fphere in H; and to the axis PAB, letting fall 
the perpendicular HI, bifecfc PI in L; and (by prop. 12, 
book 2, elem.) PE* is equal to PS* + SE* + 2PSD. But 
becaufe the triangles SPH, SHI are alike, SE* or SH* is 
equal to the rectangle PSI. Therefore PE* is equal to the 
re&angle contained under PS and PS + SI + 2SD; that 
is, under PS and 2LS + 2SD ; that is, under PS and 2LD. 
Moreover DE 1 is equal to SE* — SD*, or SE* — LS* + 2SLD 

— LD 1 , that is, 2SLD — LD» — ALB. For LS* — SE 1 or 
LS 1 — SA* (by prop. 6, book 2, elem.) is equal to the reeV 
aiJgle ALB. Therefore if inftead of DE* we write 2SLD 

— LD*-^ ALB, the quantity ^ y* ' which (by cor. 4 
of the foregoing prop.) is as the length of the ordinate DN, 
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will now refolve itfelf into tbree parts — « - ^ ^ 

1 PE x V PE x V 

— A ^ X ff ; ™here if inftead of V wc write the inverfe 
PL x V 

ratio of the centripetal force, and inftead of PE the mean 
proportional between PS and 2LD, thofe three parts will 
become ordinates to fo many curve lines, whofe areas are dif- 
covered by the common methods. Q.E.D. 

Example 1. If the centripetal force tending to the feve- 
ral particles of the fphere he reciprocally as the diftance; in- 
ftead of V write PE the diftance, then 2PS x LD for PE* ; 

and DN will become as SL — | LD — ^OJ* S u PP°fe DN 

ALB 

equal to its double 2SL — LD — ; and 2SL the given 

LD 

part of the ordinate drawn into the length AB will defcribe 
the rectangular area 2SL X AB; and the indefinite part LD, 
drawn perpendicularly into the fame length with a continued 
motion, in fuch fort as in its motion one way or another it 
may either by increafing or decreasing remain always equal 

T R* T A* 

tothelengthLD, will defcribe thearea— — , that is, the 

2 

area SL X AB; which taken from the former area 2SL 
x AB, leaves the area SL x AB. But the third part 
ALB 

, drawn after the fame manner with a continued motion 

perpendicularly into the fame length, will defcribe the area of 
an hyperbola, which fubdudled from the area SL x AB will 
leave ANB the area fought. Whence arifes this conftru&ion 
of the problem. At the points L, A, B (Fig. 2), erea the 
perpendiculars LI, Aa, Bb ; making Aa equal to LB, and Bb 
equal to LA. Making LI and LB afymptotes, defcribe 
through the points a, b, the hyperbolic curve ab. And the 
.chord ba being drawn, will inclofe the area aba equal to the 
area fought ANB. 

Example 2. If the centripetal force tending to the feveral 
particles of the fphere be reciprocally as the cube of the 
diftance, or (which is the fame thing) as that cube applied to 

. PE 3 
any given plane; write — - for V, and 2PS x LD for PE*; 
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! tw ii u SL x AS* AS* ALB x AS* 

and DN will become as — — — =-7-- 

PS x LD 2 PS 2 PS x LD X 

that is (becaufe PS, AS, SI are continually proportional), as 

AI3£S!. Ifwedrawthenthefelhreeparts 

LSI 

into the length AB, the firll -j-g will generate the area of an 

hyperbola ; the fecond |SI the area }AB X SI ; the third 

ALB x SI , ALB x SI ALB x SI , . 
___ th e area — g— , that is, 

4-AB X SI. From the firft fubducl the fum of the fecond 
and third, and there will remain ANB, the area fought. 
Whence arifes this conftruclion of the problem.' At the points 
L, A, S, B (Fig. 3), eredl the perpendiculars LI, Aa, Ss, Bb, 
of which fuppofe Ss equal to SI ; and through the point s, to 
the afymptotes LI, LB, defcribe the hyperbola asb meeting 
the perpendiculars Aa, Bb, in a and b; and the rectangle 
2ASI, fubducted from the hyperbolic area AasbB, will leave 
ANB the area fought. 

Example 3. If the centripetal force tending to the feveral 
particles of the fpheres decreafe in a quadruplicate ratio of 

PE 4 

the diftance from the particles ; write for V, then 

V 2PS + LD for PE, and DN will become as ^ 

1 SP__ I SP x ALB 1 

X V LD 3 2*/2SI X y>LD ~~ 2V2SI X TED 1 * 

Thefe three parts drawn into the length AB, produce fomany 

. 2SP X SL . — i — SP . 

areas, V12 . ^ into _ - _ , -_ intQ 



SP x ALB . — i T 



✓ LB- ✓ LA > and -j^gf- into :7rA~ W^' 

°SI* x SL 

And thefe after due reduction come forth — — jj * SP, 

and SP + And thefe, by fubduding the laft from 

4SP . 
the firft, become Jjj* Therefore the entire force with 

which the corpufcle P is attracted towards the centre of the 
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SI 3 

fphere is as that is, reciprocally as PS 3 X PI. Q.E.I. 

By the fame method one may determine the attraction of a 
corpufcle fituate within the fphere, but more expeditioufly by 
the following theorem. 

PROPOSITION LXXXII. THEOREM XLI. 
In a fphere defcribed about the centre S (PI. 23, Fig. 4) with 
the interval SA, if there be taken SI, SA, SP continually 
proportional ; I fay, that the attraction of a corpufcle within 
the fphere in any place 1 k to its attratlion without the 
fphere in the place P in a ratio compounded of the fubdu- 
plicate ratio of IS, PS, the dijtancts from the centre, and 
the fubduplicate ratio of the centripetal forces tending to the 
tent re in thofe places P and I. 

As if the centripetal forces of the particles of the fphere be 
reciprocally as the dillances of the corpufcle attracted by 
them ; the force with which the corpufcle fituate in I is at- 
tracted by the entire fphere will be to the force with which 
it is attracted in P in a ratio compounded of the fubduplicate 
ratio of the di fiance SI to the diffonce SP, and the fubdupli- 
cate ratio of the centripetal force in the place I arifing from 
any particle in the centre to the centripetal force in the place 
P arifing from the fame particle in the centre; that is, in the 
fubduplicate ratio of the diftances SI, SP to each other reci- 
procally. Thefe two fubduplicate ratios compofe the ratio 
of equality, and therefore the attractions in I and P produced 
by the whole fphere are equal. By the like calculation, if the 
forces of the particles of the fphere are reciprocally in a du«^ 
plicate ratio of the diftance, it will be found that the attraction 
in I is to the attraction iu P as the drftance SP to the femi- 
diameter SA of the fphere. If thofe forces are reciprocally in 
a triplicate ratio of the diftances, the attractions in I and P 
will be to each other as SP* to SA 1 ; if in a quadruplicate ra- 
tio, as SP J to SA 3 . Therefore fince the attraction in P was 
found in this laft cafe to be reciprocally as PS 3 X PI, the 
attraction in I will be reciprocally as SA 3 X PI, that is, be- 
caufe SA 3 is given, reciprocally as PI. And the progreffion 
is the fame in infinitum. The demonftration of this theorem 
is as follows : 
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The things remaining as above conltrucled, and a cor- 
pufcle being in any place P, the ordinate DN was found to be 
DE* x PS 

as —777^ ry-» Therefore if IE be drawn, that ordinate for 

PL x V 

any other place of the corpufcle, as I, will become (mutatis 

DE 1 x IS „ _ . 

mutandis ) as — rn rr~» Suppofe the centripetal forces flow- 
It* X V 

ing from any point of the fphere, as E, to be to each other at 
the diftances IE and PE as PE n to IE n (where the number n 
denotes the index of the powers of PE and IE), and thofe or- 

-i- . n u DE^xPS DE- x IS 

dinates will become as p£ x p|? 7 and ifc x IE" e ra- 

tio to each other is as PS X IE x IE° to IS x PE X PE». 
BecaufeSI, SE, SP are in continued proportion, the triangles 
SPE, SEl are alike ; and thence IE is to PE as IS to SE 
or SA. For the ratio of I E to PE write the ratio of IS to SA ; 
and the ratio of the ordinates becomes that of PS x IE n to 
SA x PE n . But the ratio of PS to SA is fubduplicate of that 
of the diftances PS, SI ; and the ratio of IE" to PE B (becaufe 
IE is to PE as IS to SA) is fubduplicate of that of the forces 
at the diftances PS, IS. Therefore the ordinates, and confc- 
quently the areas which the ordinates defcribe, and the at- 
tractions proportional to them, are in a ratio compounded of 
thofe fubduplicate patios. Q.E.D. 

PROPOSITION LXXXIII. PROBLEM XLII. 

To find the force with which a corpufcle placed in the centre of 
a fphere is attracted towards any fegment of that fphere 
whatfoever. 

Let P (PI. 23, Fig. 5) be a body in the centre of that 
fphere, and RBSD a fegment thereof contained under the 
plane RDS, and the iphserical fuperficies RBS. Let DB be 
cut in F by a fphaerical fupcrficies EFG defcribed from the 
centre P, and let the fegment be divided into the part* 
BREFGS, FEDG. Let us fuppofe that fegment to be not a 
purely mathematical but a phyfical fupcrficies, having fome, 
but a perfectly inconfiderable, thicknefs. Let that thicknefs 
be called O, and (by what Archimedes has demonftrated) that 
fuperficies will be as PF x DF x O. Let us fuppofe befide* 
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the attra&ive forces of the particles of the fphere to be reci- 
procaliy as that power of the diftances, of which n is index ; 
and the force with which the fuperficies EFG attracts the 

DE a x O 

body P will be (by prop. 79) as — ppj — j that is, as 

gDF x O DPxO ... ' 

^pgn ■ i > — -pp; • Let the perpendicular rN drawn 

into O be proportional to this quantity ; and the curvilinear 
area BDI, which the ordinate FN, drawn through the length 
DB with a continued motion will defcribe, will be as the 
whole force with which the whole fegment RBSD attracts the 
body P. Q.E.I. 

PROPOSITION LXXXIV. PROBLEM XLIII. 
To find the force with which a corpufcle, placed without the 

centre of a fphere in. the axis of any fegment, i$ attracled 

by that fegment. 

Let the body P placed in the axis ADB of the fegment 
EBK (PL 23, Fig. 6) be attracled by that fegment. About 
ihe centre P, with the interval PE, let the fphcerical fuper- 
ficies EFK be defcribed ; and let it divide the fegment into 
two parts EBKFE and EFKDE. Find the force of the firft 
of thdfe parts by prop. 81, and the force of the latter part by 
prop. 83, and the fum of the forces will be the force of the 
whole fegment EBKDE. Q.E,I. 

SCHOLIUM. 

The attractions of fphasrical bodies being now explained, it 
comes next in order to treat of the laws of attraction in other 
bodies confifting in like manner of attractive particles ; but to 
treat of them particularly is not neceflary to my defign. It 
will be fufficient to fubjoin fome general proportions relating 
to the forces of fuch bodies, and the motions thence arifing, 
becaufe the knowledge of tkefe will be of fome little ufe in 
|>liilpfophical enquiries. 

SECTION XIII. 
Of the attraclive forces of bodies which are not of a fpherical 

figure* 

PROPOSITION LXXXV. THEOREM XLII. 

If a body be attracted by another, and its attraclion be vqftly 

Jironger when it is contiguous to the attracling body than 
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when they are feparated from one another by a very Jmail 
interval; the forces of the particles of the attracting body 
decreafe, in the recefs of the body attracted, in more than a 
duplicate ratio of the diftanct of the particles. 
For if the forces decreafe in a duplicate ratio of the dif- 
tances from the particles, the attraction towards a fphaerical 
body being (by prop. 74) reciprocally as the fquare of the 
diftance of the attracted body from the centre of the fphere, 
will not be fenfibly increafed by the contact, and it will be 
ftill lefs increafed by it, if the attraction, in the recefs of the 
body attracted, decreases in a ftill lefs proportion. The pro- 
portion, therefore, is evident concerning attractive fpheres. 
And the cafe is the fame of concave fphaerical orbs attracting 
external bodies. And much more does it appear in orbs that 
attract bodies placed within them, becaufe there the attrac- 
tions diffufed through the cavities of thofe orbs are (by prop. 
70) deftroyed by contrary attractions, and therefore have no 
cflfe6t even in the place of contact. Now if from thefe fpheres 
and fphaerical orbs we take away any parts remote from the 
place of contact, and add new parts any where at pleafure, 
we may change the figures of the attractive bodies at plea- 
tore ; but the parts added or taken away, being remote from 
the place of contact, will caufe no remarkable excefs of the 
attraction arifing from the contact of the two bodies. There- 
fore the proportion holds good in bodies of all figures. 
Q.E.D. 

PROPOSITION LXXXVI. THEOREM XLIII. 
If the forces of the particles of which an attractive body is com- 

pofed decreafe, in the recefs of the attracted body, in a tri- 
plicate or more than a triplicate ratio of the dijianee from 
the particles, the attraction will be vajlly Jlronger in the 
point of contact than whvt, the attracting and attracted bo- 
dies are feparated from each other, though by never Jo fmatt 
an interval. 

For that the attraction is infinitely increafed when the at- 
tracted corpufcle comes to touch an attracting iphere of this 
kind, appears, by the folution of problem 41, exhibited in the 
leoond and third examples. The fame will alfo appear (by 

Vol. I O 
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Comparing thofe examples and theorem 41 together) of at- 
tractions of bodies made towards concavo-convex orbs, whe- 
ther the attracted bodies be placed without the orbs, or in the 
cavities within them. And by adding to or taking from thofe 
fpheres and orbs any attractive matter any where without the 
place of contact, lb that the attractive bodies may receive 
any afligned figure, the propofition will hold good of all bo- 
dies univerfally. Q.E.D. 

PROPOSITION LXXXVII. THEOREM XLIV. 
If two bodies fimilar to each other, and confifting of matter 

equally attractive, attract feparately two corpufcles propor- 
tional to thoft bodies, and in a like fituation to them, the 
accelerative attractions of the corpufcles towards the entire 
bodies will be as the accelerative attractions of the corpufcles 
towards particles of the bodies proportional to the wholes, 
and alike fituated in them. 

For if the bodies are divided into particles proportional to 
the wholes, and alike fituated in them, it will he, as the at- 
traction towards any particle of one of the bodies to the at- 
traction towards the correfpondent particle in the other body, 
fo are the attractions towards the feveral particles of the firft 
body to the attractions towards the feveral correfpondent par- 
ticles of the other body ; and, by compofition, fo is the at- 
traction towards the firft whole body to the attraction towards 
the fecond whole body. Q.E.D. 

Con. 1 . Therefore if, as the diftances of the corpufcles.at- 
tracted increafe, the attractive forces of the particles decreafe 
in the ratio of any power of the diftances, the accelerative,' at- 
tractions towards the whole bodies will be as the bodies di- 
rectly, and thofe powers of the diftances inverfely. As if the 
forces of the particles decreafe in a duplicate ratio of the 
diftances from the corpufcles attracted, and the bodies are as 
A 3 and B 3 , and therefore both the cubic fides of- the bodies, 
and the diftance of the attracted corpufcles from the bodies, 
are as A and B ; the accelerative attractions towards the bodies 
A 3 B 3 

will be as and ^5 that is, as A and B the cubic fides of 
thofe bodies. If the forces of the particles decreafe in a tri- 
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plicate ratio of the diftances from the attracted corpufcles, 
the accelerative attractions towards the whole bodies will be as 
A 3 B 3 

and -gjj that is, equal. If the forces decreafe in a qua- 
druplicate ratio, the attractions towards the bodies will be as 
A 3 B 3 

and -g^j that is, reciprocally as the cubic fides A and B. 

And fo in other cafes. 

Cor. 2. Hence, on the other hand, from the forces with 
which like bodies attract corpufcles fimilarly fituated, may be 
collected the ratio of the decreafe of the attractive forces of 
the particles as the attracted corpufcle recedes from them ; 
if fo be that decreafe is directly or inverfely in any ratio of the 
diftances. 

PROPOSITION LXXXVIH. THEOREM XLV. 
If the attraclive forces of the equal particles of any body be as 

the diftance of the places from the particles, tlie force of the 
whole body will tend to its centre of gravity ; and will be the 
fame with the force of a globe, confifiing of Jimilar and 
equal matter, and having its centre in the centre of gra- 
vity. 

Let the particles A, B (PI. 23, Fig. 7), of the body RSTV 
attract any corpufcle Zwith forces which, fuppofing the par- 
ticles to be equal between themfelves, are as the diftances 
AZ, BZ ; but, if they are fuppofed unequal, are as thofe par- 
ticles and their diftances AZ, BZ conjunctly, or (if I may fo 
fpeak) as thofe particles drawn into their diftances AZ, BZ 
refpectively. And let thofe forces be ex pre fled by the con- 
tents under A x AZ, and B x BZ. Join AB, and let it be 
cut in G, fo that AG may be to BG as the particle B to the 
particle A; and G will be the common centre of gravity of 
the particles A and B. The force A x AZ will (by cor. 2, of 
the laws) be refolved into the forces A x GZ and A x AG ; 
and the force B x BZ into the forces B x GZ and B x BG. 
Now the forces A x AG and B x BG, becaufe A is propor- 
tional to B, and BG to AG, are equal, and therefore having 
contrary directions deftroy one another. There remain then the 
forces A x GZ and B x GZ. Thefe tend from Z toward* 

O 2 
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the centre G, and compofe the force A + B X G2} that is, 
Ihe lame force as if the attractive particles A and B were 
placed in dioir ctyiuuon centre of gravity G, compofing there 
a little globe. 

By the famereafoning, if there be added a third particle C, 
and the force of it be compounded with the force A + B 
X GZ tending to the centre G, the force thence arifing will 
tend to the common centre of gravity of that globe in G and 
of the particle C; that is, to the common centre of gravity 
of the three particles A, B, C; and will be the fame as if that 
globe and the particle C were placed in that common centre 
compofing a greater globe there ; and fo we may go on in 
infinitum. Therefore the whole force of all the particles of 
any body whatever RSTV, is the fame as if that body, with- 
out removing its centre of gravity, were to put on the form of 
a globe. Q.E.D. 

Cor. Hence the motion of the attracted body Z will be 
the fame as if the attracting body RSTV were fyhaerical; 
and therefore if that attracting body be either at reft, or pro- 
ceed uniformly in a right line, the body attracted will move 
in an ellipfis having its centre in the centre of gravity of the 
attracting body. 

PROPOSITION LXXXIX. THEOREM XLVI. 
If there be feveral bodies confijling of equal particles whofe 

forces art as the diftances of the places from each, the force 
compounded of all the forces by which any corpufcle is at- 
tracted will tend to the common dentre of gravity of the at- 
tracting bodies; and will be the fame as if thofe attracling 
bodies, preferring their common centre of gravity, Jhould 
unite there, and be formed into a globe. 
This is demonftrated after the fame manner as the foregoing 
propofition. 

; Co*, therefore ' the motion of the attra&ed body will be 
ihe fame as if the attracting bodies, j>referving their common 
"centre of gravity, fhould unite there, and be formed into a 
globe. And, therefore, if the common centre of gravity of 
the attracting bddies be either at fell, or proceeds : uniformly 
in a right line, ^he attracted body will move In \n ellipfis 
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having its centre in the common centre of gravity of the at- 
tracting bodies. 

PROPOSITION XC. PROBLEM X LI V. 
If to the fevered points of any circle there tend equal centripe- 
tal forces, increafing or decreafmg in any ratio of the dij} 
tames ; it is required to find tlie force with which a corpnf* 
cle is attracled, that is, fituate any zchere in a right line 
which jlands at right angles to the plane of the circle at its 
centre. 

Suppofe a circle to be defcribed about the centre A (PI. 24, 
Eig. J) with any interval AD in a plane to which the right 
line AP is perpendicular; and let it be required to find the 
force with which u corpufcle P is attracled towards the fame. 
From any point E of the circle, to the attracled corpufcle P, 
let there be drawn the right line PE. In the right line PA 
take PF equal to PE, and make a perpendicular FK, ereclcd 
at F, to be as the force with which the point E attracls the 
corpufcle P. And let the curve line IKL be the locus of the 
point K. Let that curve meet the plane of the circle in L. In 
PA take PH equal to PD, and ereel the perpendicular HI 
meeting that curve in I; and the attraction of the corpufcle 
P towards the circle will be as the area AfilL drawn into the 
altitude AP. Q.E.I. 

For let there be taken in AE a very fmall line Ee. Join 
Pe, and in PE, PA take PC, Pf equal to Pe. And be- 
caufe the force with which any point E of the annuJus de- 
fcribed about the centre A with the interval AE in the afore- 
faid plane attracls to itfelf the body P, is fuppofed to be as 
FK; and, therefore, the force with which that point attracls 

AP x FK 

the body P towards A is as — • and the force with 

which the whole annulus attracls the body P towards A is as 

AP x FK 

the annulus and ^ conjunclly; and that annulus 

alfp is as the reclangle under the radius AE and the breadth 
Ee, and this reclangle (becaufe PE and AE, Ee and CE are 
proportional) is equal to the reclangle PE x CE or PE x IT; 
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the force with which that annulus attracts the body P towards 

AP x FK 

A will be as PE X Ff and jjg — conjunctly \ that is, as 

the content under Ff x FK x AP, or as the area FKkf 
drawn into AP. And therefore the fum of the forces with 
which all the annuli, in the circle defcribed about the centre 
A with the interval AD, attract the body P towards A, is as 
the whole area AHIKL drawn into AP. Q.E.D. 

Cob. 1. Hence if the forces of the points decreafe in the 

duplicate ratio of the diftances, that is, if FK be as and 

therefore the area AHIKL as — pjj J the attraction of 

PA . 

the corpufcle P towards the circle will be as 1 — i 
AH 

that is, as Ffl . 

Cor. 2. And univerfally if the forces of the points at the 
diftances D be reciprocally as any power D B of the diftances; 

that is, if FK be as and therefore the area AHIKL 

as pA"—' — PH° — ' ' attr8M ^ on °^ tne corpufcle P 

1 PA 
towards the circle will be as — PH a — ' * 

Cor. 3. And if the diameter of the circle be increased in 
infinitum, and the number n be greater than unity; the attrac- 
tion of the corpufcle P towards the whole infinite plane will be 

PA 

reciprocally as PA B — *, becaufe the other term 7577- 37, 
vanifhes. 

PROPOSITION XCI. PROBLEM XLV. 
To find the attraction of a corpufcle fituate in the axis of a 

round folid, to whofe fever al points there tend equal centri- 
petal forces decreasing in any ratio of the diftances whatfo- 
ever. 

Let the corpufcle P (PI. 24, Fig. 2) fituate in the axis AB of 
the folid DECG, be attracted towards that folid. Let the 
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folid be cut by any circle as RFS, perpendicular to the axis; 
and in its femi-diameter FS, in any plane PALKB paffing 
through the axis, let there be taken (by prop. 90) the length 
FK proportional to the force with which the corpufcle P is 
attracted towards that circle. Let the locus of the point K 
be the curve line LKI, meeting the planes of the outermoll 
circles AL and BI in L and I; and the attraction of the cor- 
pufcle P towards the folid will he as the area LABI. Q.E.I. 

Cor. 1. Hence if the folid be a cylinder defcribed by the 
parallelogram ADEB (PI. 24, Fig. 3) revolved about the axis 
AB, and the centripetal forces tending to the feveral points 
be reciprocally as the fquares of the diftances from the points ; 
the attraction of the corpufcle P towards this cylinder will be 
as AB — PE + PD. For the ordinate FK (by cor. 1, prop. 

PF 

90) will be as 1 — The part 1 of this quantity, 

drawn into the length AB, defcribes the area 1 X AB; and 

PF 

the other part drawn into the length PB, defcribes the 

area 1 into PE— -AD (as may be eafily fhewn from the quadra- 
ture of the curve LKI); and, in like manner, th e fame par t 
drawn into the length PA defcribes the area 1 into PD — AD, 
and drawn into AB, the difference of PB and PA, defcribes 1 
into PE — -PD, the difference of the areas. From the flrft 
content 1 X AB take away the laft content 1 into PE — PD, 
and there will r emain the area LABI equal to 1 into 
AB — PE + PD. Therefore the force being proportional to 
this area, is as A B — PE + PD. 

Cor. 2. Hence alfo is known the force by which a fphe- 
roid AGBC (PI. 24, Fig. 4) attracts any body P fituate exter- 
nally in its axis AB. Let NKRM be a conic fection wliofe 
ordinate ER perpendicular to PE may be always equal to 
the length of the line PD, continually drawn to the point 
D in which that ordinate cuts the fpheroid. From the vertices 
A, B, of the fpheroid, let there be erected to its axis AB the per- 
pendiculars AK, BM, refpectively equal to AP, BP, and there- 
fore meeting the conic fection in KandM; and join KM cutting 
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off from it the fegment KMRK. Let S be the centre of the 

fpheroid, and SC its grcateft femi-diameter; and the force 

with which the fpheroid attracts the body P will be to the 

force with which a fphere defcribed with the diameter AB 

_ , _ VJ AS x CS* — PS x KMRK . 
attracts the fame body, as lj. (jg* AS* IS to 

AS 3 . r 

by a calculation founded on the fame principles 

may be found the forces of the fegments of the fpheroid. 

Cor. 3. If the corpufclc be placed within the fpheroid and 
in its axis, the attraction will be as its diftance from the cen- 
tre. This may be eafily collected from the following reafon- 
ing, whether the particle be in the axis or in any other given 
diameter. Let AGOF (PI. 24, Fig. 5) be an attracting 
fpheroid, S its centre, and P the body attracted. Through 
the body P let there be drawn the femi-diameter SPA, and 
two right lines DE, FG meeting the fpheroid in D and E, F 
and G; and let PCM, HLN be the fuperficies of two interior 
fpheroids fimilar and concentrical to the exterior, the firft of 
which paffes through the body P, and cuts the right lines DE, 
FG in B and C; and the latter cuts the fame right lines in 
H and I, K and L. Let the fpheroids have all one common 
axis, and the parts of the right lines intercepted on both fides 
DP and BE, FP and CG, DH and IE, FK and LG, will be 
mutually equal; becaufe the right lines DE, PB, and HI, are 
bife&ed in the fame point, as are alfo the right lines FG, PC, 
and KL. Conceive now DPF, EPG to reprefent oppofite 
cones defcribed with the infinitely fmall vertical angles DPF, 
EPG, and the linesDH, EI to be infinitely fmall alfo. Then 
the particles of the cones DHKF, GLIE, cut off by the fphe- 
roidical fuperficies, by reafon of the equality of the lines DH 
and EI, will be to one another as the fquares of the diftanccs 
from the bodyP,and will therefore attract thatcorpufcleequaily. 
And by a like reafoning if the fpaces DPF, EGCB be divided 
into particles by the fuperficies of innumerable fimilar fphe- 
roids concentric to the former and having one common axis, 
all thele particles will equally attract on both fides the body 
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P towards contrary parts. Therefore the forces of the cone 
DPF, and of the conic fegment EGCB, are equal, and by their 
contrariety deftroy each other. And the cafe is the fame of 
the forces of all the matter that lies without the interior fphe- 
roid PCBM. Therefore the body P is attraded by the inte- 
rior fpheroid PCBM alone, and therefore (by cor. 3, prop. 
72) its attraction is to the force with which the body A is at- 
tracted by the whole fpheroid AGOD as the diftance PS to 
the diftance AS. Q.E.D. 

PROPOSITION XCII. PROBLEM XLVI. 

An attracting body being given, it is required to find the ratio 
of the decreafe of the centripetal forces tending to its feveral 
points. 

The body given mud be formed into a fphere, a cylinder, or 
fome regular figure, whofe law of attraction anfwering to any 
ratio of decreafe may be found by prop. 80, 81, and 91. 
Then, by experiments, the force of the attractions mull be 
found at feveral diflances, and the law of attraction towards 
the whole, made known by that means, will give the ratio 
of the decreafe of the forces of the feveral parts ; which wag 
to be found. 

PROPOSITION XCT1I. THEOREM XVfll. 
If a J olid be plane on one fide, and infinitely extended on all 

other fides, and confifi of equal particles equally attraclive, 
whofe forces decreafe, in the recefs from the folid, in the ra- 
tio of any power greater than the fquare of the di fiances ; 
and a corpufcle placed towards either part of the plane is at- 
traded by the force of the whole folid ; I fay, that the at- 
traclive force of the whole folid, in the recefs from its plane 
fnperficies, will decreafe in the ratio of a power whofe fide is 
the diftance of tlie corpufcle from the plane, and its indest 
' left by 3 than the index of the power of the diflances. 

Case l. Let LG1 (PI. 24, Fig. 6) be the piane by which 
the folid is terminated. Let the folid lie on thai hand of the 
plane that is towards I, and let it be refolved into innumerable 
planes mHM, nIN, oKO, &c. parallel to GL. And firft let 
the attraded body C be placed without the foMd. Let there 
be drawn CGHI perpendicular *o thofe innumerable planes, 
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and let the attractive forces of the points of the folid decreafe 
in the ratio of a power of the diftances whofe index is the 
number n not lefs than 3. Therefore (by cor. 3, prop. 90) the 
force with which any plane mHM attracts the point C is re- 
ciprocally as CH° — \ In the plane mHM take the length 
HM reciprocally proportional to CH n — % and that force will 
be as HM. In like manner in the feveral planes 1GL, nlN, 
oKO, &c. take the lengths GL, IN, KO, &c. reciprocally 
proportional to CG B — *, CI n — *, CK B -», &c. and the forces 
of thofe planes will be as the lengths fo taken, and therefore 
the fum of the forces as the fum of the lengths, that is, the 
force of the whole folid as the area GLOK produced infinitely 
towards OK. But that area (by the known methods of qua- 
dratures) is reciprocally as CG n — 3 , and therefore the force of 
the whole folid is reciprocally as CG n — 3 . Q.E.D. 

Case 2. Let the corpufcle C (Fig. 7) be now placed on 
that hand of the plane 1GL that is within the folid, and take 
the diftance CK equal to the diftance CG. And the part of 
the folid LGloKO terminated by the parallel planes 1GL, 
oKO, will attract the corpufcle, fituate in the middle, nei- 
ther one way nor another, the contrary actions of the oppo- 
fite points deilroying one another by reafon of their equality. 
Therefore the corpufcle C is attracted by the force only of the 
folid fituate beyond the plane OK. But this force (by cafe 1) 
is reciprocally as CK n — 3 , that is (becaufe CG, CK are 
equal), reciprocally as CG" — 3 . Q.E.D. 

Cor. 1. Hence if the folid LGIN be terminated on each 
fide by two infinite parallel planes LG, IN, its attractive 
force is known, fubducting from the attractive force of the 
whole infinite folid LGKO the attractive force of the more 
diftant part NIKO infinitely produced towards KO. 

Cor. 2. If the more diftant part of this folid be rejected, 
becaufe its attraction compared with the attraction of the 
nearer part is inconfiderable, the attraction of that nearer part 
will, as the diftance increafes, decreafe nearly in the ratio of 
the power CG n - 3 . 

Cor. 8. And hence if any finite body, plane on one fide, 
.attract a corpufcle filuate ovejc-againft the middle of that 
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plane, and the diftance between the corpufcle and the plane 
compared with the dimenfions of the attracting body be ex- 
tremely fmall ; and the attracting body confift of homogeneous 
particles, whofe attractive forces decreafe in the ratio of any 
power of the diftances greater than the quadruplicate ; the at- 
tractive force of the whole body will decreafe very nearly in 
the ratio of a power whofe fide is that very fmall diftance, 
and the index lefs by 3 than the index of the former power. 
This aflertion does not hold good, however, of a body confid- 
ing of particles whofe attractive forces decreafe in the ratio of 
the triplicate power of the diftances ; becaufe, in that cafe, 
the attraction of the remoter part of the infinite body in the 
fecond corollary is always infinitely greater than the attraction 
of the nearer part. 

SCHOLIUM. 

If a body is attracted perpendicularly towards a given plane, 
and from the law of attraction given the motion of the body 
be required ; the problem will be folved by feeking (by prop. 
39) the motion of the body defcending in a right line towards 
that plane, and (by cor. 2, of the laws) compounding that 
motion with an uniform motion performed in the direction 
of lines parallel to that plane. And, on the contrary, if there 
be required the law of the attraction tending towards the plane 
in perpendicular directions, by which the body may be caufed 
to move in any given curve line, the problem will be folved 
by working after the manner of the third problem. 

But the operations may be contracted by refolving the 
ordinates into converging feries. As if to a bafe A the length 
B be ordinately applied in any given angle, and that length 

m 

be as any power of the bafe An; and there be fought the force 
with which a body, either attracted towards the bafe or dri- 
ven from it in the direction of that ordinate, may be caufed 
to move/ in the curve line which that ordinate always defcribes 
with its fuperior extremity; I fuppofe the bafe to be increaf- 
ed by>a very fmall part O, and I refolve the ordinate 
»m mm m — n mm — mn 

A + 0|» into an infinite feries A n + ~ OA T" + &w 



Digitized by LjOO^le 



204 MATHEMATICAL PRlNCIfiKS f ] J5oo* I. 



00A — n &c. and I fuppofe the force proportional to the 
term of this feries in which O is of two dimenfions, that is, 

to the term mm ~~ mn QQA — Therefore the force 

2nn n 

mm — mn ^ — 
fought is as A — ~' or, which is the fame 



mi 

ram — mn r> 1 

thing, as ————— m • As if the ordinate defcribe a 

parabola, m being = 2, and n == 1, the force will be as the 
given quantity 2B°, and therefore is given. Therefore with a 
given force the body will move in a parabola, as Galileo has 
demon ft rated. If the ordinate defcribe an hyperbola, m being 
= 0 — l,and n = 1, the force will be as 2 A~~ 3 or 2 B 3 ; and therer 
fore a force which is as the cube of the ordinate will caufe 
the body to move in an hyperbola. But leaving this kind 
of proportions, I mall go on to fome others relating to motion 
which I have not yet touched upon. 

SECTION XIV. 
Of the motion of very fmall bodies when agitated by centripe- 
tal forces tending to the feveral parts of any very great body. 

PROPOSITION XCIV. THEOREM XLVUl. 
If two fimilar mediums be feparated from each other by a fpace 
terminated on both fides by parallel planes, and a body in 
itspafiage through that fpace be attraclcd or impelled per- 
pendicularly towards either of thpfe mediums, and not agi~ 
tated or hindered by any other force ; and the attraclion be 
every where the fame at equal difiances from; either plane, 
taken towards the fame hand of the plane ; I fay, that the fine 
of incidence upon either plane will be to the fine of emer- 
gence from the other plane in a given ratio. 
Case 1. Let A a and Bb (PL 25, Fig. I) be two parallel 
planes, and let the body light upon the firft plane Aa in the 
direction of the line GH, and in its whole paffage through the 
intermediate fpace let it be attracted or impelled towards the 
medium of incidence, and by that action let i* be made to de*> 
fcribe a curve line HI, and let it emerge in the direction of 
the line IK. Let there be ere&ed IM perpendicular to Bb the 
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plane of emergence, and meeting the line of incidence GH: 
prolonged in M, and the plane of incidence Aa in R ; and let 
the line of emergence K£ be produced and meet HM in L. 
About the centre L, with the interval LI, let a circle be de- 
fcribed cutting both HM in P and Q, and MI produced in 
N; and, firft; if the attraction or impulfe be fuppofed uniform, 
the curve HI (by what Galileo has demonstrated) be a para- 
bola, whofe property is that of a rectangle under its given latus 
rectum and the line IM is equal to the fquare of HM; and 
moreover the line HM will be bifected in L. Whence if to MI 
there be let fell the perpendicular LO, MO, OR will be equal ; 
and adding the equal lines ON, 01, the wholes MN, IR will 
he equal alfo. Therefore lince IR is given, MN is alfo given, 
and the rectangle N MI is to the rectangle under the latus 
rectum and IM, that is, to HM*, in a given ratio. But the 
rectangle NMI is equal to the rectangle PMQ, that is, to the 
difference of the fquares ML 1 , and PL* or LP; and HM 1 hath 
a given ratio to its fourth part ML*; therefore the ratio of 
ML* — LP to ML* is given, and by converfion the ratio 
of LI* to ML*, and its fubduplicate, the ratio x>f LI to ML. 
But in every triangle, as LMI, the fines of the angles are pro* 
portioaal to the oppofite fides. Therefore the ratio of the 
fine of the angle of incidence LMR to the fine of the angle 
of emergence LIR is given. Q.E.D. * . \ ' 

Case 2. Let now the body pafs fucceffively through feve- 
ral fpaces tetininated with parallel planes AabB, BbcC, &c. 
(PL £5, Fig. £), and let it be acted on by a force which is 
uniform in each of them feparately, but different in the dif- 
ferent fpaces; and by what was jufl demonftrated, the fine 
of the angle of incidence on the firil plane Aa is to the fine 
of emergence from the fecond plane Bb in a given ratio; and 
this fine of incidence upon the fecond plane Bb will be to 
the fine of emergence from the third plane Cc in a given 
ratio: and this fine to the fine of emergence from the fourth 
plane Dd in a given ratio; and fo on in infinitum; and, by 
equality, the fine of incidence on the firft plane to the fine, 
of emergence from the la&plaro in a given ratio. Let now 
the intervals of the planes be diminifhed, and their number 
be infinitely increafed, fo that the action of attraction or 
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impulfe, exerted according to any afligned law, may become 
continual, and the ratio of the fine of incidence on the 
firft plane to the fine of emergence from the lad plane being all 
along given, will be given then alfo. Q.E.D. 

PROPOSITION XCV. THEOREM XLIX. 
The fame things being fuppofed, I Jay, that the velocity of the 

body before its incidence is to its velocity after emergence as 

the fine of emergence to tlte fine of incidence. 

Make AH and Id equal (PL 25, Fig. 3), and erect the per- 
pendiculars AG, dK meeting the lines of incidence and emer- 
gence GH, IK, in G and K. In GH take TH equal to IK, 
and to the plane Aa let fall a perpendicular Tv. And (by cor. 
% of the laws of motion) let the motion of the body be refolv- 
ed into two, one perpendicular to the planes Aa, Bb, Cc, &c. 
and another parallel to them. The force of attraction or im- 
pulfe, acting in directions perpendicular to thofe planes, does 
not at all alter the motion in parallel directions; and therefore 
the body proceeding with this motion will in equal times go 
through thofe equal parallel intervals that lie between the 
line AG and the point H, and between the point I and the 
line dK; that is, they will defcribe the lines GH, IK in equal 
times. Therefore the velocity before incidence is to the 
Telocity after emergence as GH to IK or TH, that is, as AH 
or Id to vH, that is (fuppofing TH or IK radius), as the fine 
of emergence to the fine of incidence. Q.E.D. 

PROPOSITION XCVI. THEOREM L. 
The fame things being fuppofed, and that the motion before 

incidence is fwifter than afterwards; I fay, that if the line 
of incidence be inclined continually, the body will be at loft 
rejiecled, and the angle of reflexion will be equal to the an- 
gle of incidence. 
. For conceive the body paffing between the parallel planes 
Aa, Bb, Cc, &c. (PI. 25, Fig. 4) to defcribe parabolic arcs as 
above; and let thofe arcs be HP, PQ, QR, &c. And let the, 
obliquity of the^ine of incidence GH to the firft plane Aa be 
iuch that the fine of incidence may be to the radius of the cir- 
cle whofe fine it is, in the fame ratio which the fame fine of in-. 
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cidence bath to the fine of emergence from the plane Dd into 
the fpace DdeE; and becaufe the fine of emergence is now be- 
come equal to radius, the angle of emergence will be a right 
one, and therefore the line of emergence will coincide with the 
plane Dd. Let the body come to this plane in the point R; 
and becaufe the line of emergence coincides with that plane, 
it is manifeft that the body can proceed no farther towards 
the plane Ee. But neither can it proceed in the line of emer- 
gence Rd ; becaufe it is perpetually attracted or impelled to- 
wards the medium of incidence. It will return, therefore, be- 
tween the planes Cc, Dd, defcribing an arc of a parabola 
QRq, whole principal vertex (by what Galileo has demon- 
ftrated) is in R, cutting the plane Cc in the fame angle at q, 
that it did before at Q ; then going on in the parabolic arcs 
qp, ph, Sec. iimilar and equal to the former arcs QP, PH, 
&c. it will cut the reft of the planes in the fame angles at p, 
h, &c. as it did before in P, H, &c. and will emerge at laft 
with the fame obliquity at h with which it firft impinged on 
that plane at H. Conceive now the intervals of the planes 
Aa, Bb, Cc, Dd, Ee, &c. to be infinitely diminifhed, and the 
number infinitely increafed, fo that the action of attraction or 
impulfe, exerted according to any afligned law, may become 
continual ; and, the angle of emergence remaining all along 
equal to the angle of incidence, will be equal to the fame alio 
atlaft. Q.E.D. 

SCHOLIUM. 

, Tbefe attractions bear a great refemblance to die reflexions 
and refractions of light made in a given ratio of the fecants, 
as was discovered by Snellius ; and confequently in a given 
ratio of the fines, as was exhibited by Des Cartes. For it is 
now certain from the ph»nomena of Jupiter** fateilites-, con- 
firmed by the obfervations of different allronomers, that light 
is propagated in fucceffion, and requires about feven or eight 
minutes to travel from the fun to the earth. Moreover, the 
rays of light that are in our air (as lately was discovered by 
Grimaldus, by the ad minion of light into a dark room through 
a fmaii hole, which I have alfo tried) in their paffage near the 
angles of bodies, whether tranfparent or opaque (fuch as the 
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circular and rectangular edges of gold, lilver and brafs coins, 
or of knives, or broken pieces of ttone or glafs), are bent or in- 
flected round thofe bodies as if they were attracted to tbem ; 
and thofe rays which in their paflage come nearefi to the bo- 
dies are the moft inflected, as if they were moft attracted ; 
which thing I niyfelf have alio carefully obferved. And 
thofe which pafs at greater diftances are lefs inflected ; and 
thofe at fltU greater diftauces are a little inflected the contrary 
way, and form three fringes of colours. In PI. 25, Fig. 6, s re-, 
prefents the edge of a knife, or any kind of wedge AsB ; and 
gowog, fnunf, emtme, dlsld, are rays inflected towards the 
knife in the arcs owo, nun, mtm, lsl ; which inflection is 
greater or lefs according to their diftance from the knife. Now 
fince this inflection of the rays is performed in the air without 
the knife, it follows that the rays which fall upon the knife 
are firft inflected in the air before they touch the knife. And 
the cafe is the lame of the rays .falling upon glafs. The re- 
fraction, therefore, is made not in the point of incidence, but 
gradually, by a continual inflection of the rays; which is 
done partly in the air before they touch the glafs, partly (if I 
miftake not) within the glafs, after they have entered it; as is 
reprefented (PI. 25, Fig. 7) in the rays ckzc, biyb, ahxa, fall- 
ing upon r, q, p, and inflected between k and z, i andy, h 
and x. Therefore becaule of the analogy there is between 
the propagation of the rays of light and the motion of bodies, 
I thought it not amifs to add the following proportions for 
optical nfes ; not at all confidering the nature of the rays of 
light, or enquiring whether they are bodies or not ; but only 
determining the trajectories of bodies which are extremely 
| ike the trajectories of the rays. 

PROPOSITION XCVII. PROBLEM XLVII. 
Suppojmg the fine of incidence upon any fuperficies to be in a 

given ratio to the fine of emergence; and that the inflexion 

of the paths of thofe bodies near that fuperficies is performed 

in a very % fhort fpace, which may be confidered as a point ; 

it is required io determine fuch a fuperficies as may caufe all 

the corpufcles iff bring from any one givdn. place to converge to 

- another given place. 
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' Let A (PI. 25, Fig. 8) be the place from whence the cor- 
pufcles diverge ; B the place to which they fliould converge; 
CDE the curve line which by its revolution round the axis AB 
defcribes the fuperficies fought ; D, E, any^two points of that 
curve; and EF, EG, perpendiculars let fall on the paths of 
the bodies AD, DB. Let the point D approach to and co- 
alesce with the point E ; and the ultimate ratio of the line DF 
by which AD is increafed, to the line DG by which DB is 
diminifhed, will be the fame as that of the fine of incidence 
to the line of emergence. Therefore the ratio of the incre- 
ment of the line AD to the decrement of the line DB is 
given ; and therefore if in the axis AB there be taken any 
where the point C through which the curve CDE muft pafs, 
and CM the increment of AC be taken in that given ratio to 
CN the decrement of BC, and from the centres A, B, with 
the intervals AM, BN, there be defcribed two circles cutting 
each other inD; that point D will touch the curve fought 
CDE, and, by touching it any where at pleafure, will deter- 
mine that curve. Q.E.I. 

Cor. 1. By caufing the point A or B to go off fometimes 
in infinitum, and fometimes to move towards other parts of 
the point C, will be obtained all thofe figures which Cartefius 
has exhibited in his Optics and Geometry relating to refrac- 
tions. The invention of which Cartefius having thought fit to 
conceal, is here laid open in this proportion. 
* Cor 2. If a body lighting on any fuperficies CD (PI. 25, 
Fig. 9) in the direction of a right line AD, drawn according 
to any law, fhould emerge in the direction of another right, 
line DK ; arid from the point C there be drawn curve lines 
CP, CQ, always perpendicular to AD, DK ; the increments 
of the lines PD, QD, and therefore the lines thcmlelves PD, 
QD, generated by thofe increments, will be as the fines of in- 
cidence and emergence to each other, and e contra. 

PROPOSITION XCVIIL PROBLEM XLVIII. 
The fame things fuppofed ; if round the axis AB (PI. 25, Fig. 

10) any attractive fuperficies be defcribed as CD, regular 

or irregular, through which the bodies ijfuing from the given 

place A muft pafs ; it is required to find a fecond attractive 

Vol. I. P 
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fuperficies EF, which may make thoft bodks converge to a 
given place B. 

Let a line joining AB cut the firft fuperficies in C and the 
fecond in E, the point D being taken any how at pleafure. 
And fuppofing the fine of incidence on the firft fuperficies to 
the fine of emergence from the fame, and the fine of emer- 
gence from the fecond fuperficies to the fine of incidence on 
the fame, to be as any given quantity M to another given 
quantity N ; t<hen produce AB to G, fo that BG may be to 
CE as M — N to N; and AD to H, fo that AH may be 
equal to AG ; and DF to K, fo that DK may be to DH as N 
to M. Join KB, and about the centre D with the interval 
DH defcribe a circle meeting KB produced in L, and draw 
BF parallel to DL ; and the point F will touch the line EF, 
which, being turned round the axis AB, will defcribe the fuper- 
ficies fought. Q.E.F. 

For conceive the lines CP, CQ to be every where perpen- 
dicular to AD, DF, and the lines ER, ES to FB, FD re- 
fpedlively, and therefore QS to be always equal to CE ; and 
(by cor. 2, prop. 97} PD will be to QD as M to N, and there- 
fore as DL to DK, or FB to FK ; and by divifion asDL — FB 
or PH — PD — FB to FD or FQ — QD ; and by compo- 
fition as PH — FB to FQ, that is (becaufe PH and CG, 
QS and CE, are equal), as CE + BG— FR to CE — FS. But 
(becaufe BG is to CE as M — N to N) it comes to pafs alio 
that CE + BG is to CE as M to N ; and therefore, by divi- 
fion, FR is to FS as M to N ; and therefore (by cor. 2, prop, 
97) the fuperficies EF compels a body, falling upon it in the 
direction DF, to go on in the line FR to the place B. 
Q.E.D. 

SCHOLIUM. 

In the fame manner one may go on to three or more fuper- 
ficies". But of all figures the fphaerical is the moft proper for 
optical ufes. If the object glafles of lelefcopes were made of 
two glafles of a fphaerical figure, containing water between 
them, it is not unlikely that the errors of the refractions made 
in the extreme parts of the fuperficies of the glafles may be 
accurately enough corrected by the refractions of the water- 
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Such objedl-glaffes are to be preferred before elliptic and hy- 
perbolic glaffes, not only becaufe they may be formed with 
more eafe and accuracy, but becaufe the pencils of rays fituate 
without the axis of the glafs would be more accurately re- 
fracted by them. But the different refrangibility of different 
rays is the real obflacle that hinders optics from being made 
perfect by fphaerical or any other figures. Unlefs the errors 
thence arifing can be corrected, all the labour fpent in cor- 
recting the others is quite thrown away. 



END OP THE FIRST VOLUME. 




igitized by Google 



uiyinz-eu d 



by Google 



INDEX TO VOL. L 



Page 

Angles of contact not all of the fame kind, but fome infinitely 

lefs than others ^ .17 

Apsides, their motion (hewn Seel. IX. 117* 

Areas which revolving bodies, by radii drawn to the centre of 
force defcribe, compared with the times of defer ip- 

tion 4^42,43, 145* )Mi 132 

j4s y the mathematical fignification of this word defined 3^L» 

Centre, the common centre of gravity of many bodies does not alter 
its ftate of motion or re(l by the actions of the bodies among 

themfelves 1£ 

of the forces by which revolving bodies are retained in their 

orbits, how indicated by the defcription of areas 4J* 

how found by the given velocities of the revolving bodies. ... 47 
Circle, by what law of centripetal force tending to any given 

point its circumference may be defcribed 45, 49j S L 

Conic Sections, by what law of centripetal force tending to any 

given point they may be defcribed by revolving bodies ... iLk 
the geometrical defcription of them when the foci are 

given Seel. IV. 6 4 

when the foci are not given . Seel. V. 71 

when the centres or afymptotes arc- given S9 

Curves diftinguilhed into geometrically rational and geometrically 

irrational iQQ 

Cycloid, or Epicycloid, its rectification ]_32 

its evoluta 121 

Cylinder, the attraction of a cylinder com pofed of attracting par- 
ticles, whofe forces are reciprocally as the fcjuare of the 

diftances 1.99 

Descent or Ascent rectilinear, the fpaces defcribed, the times of 
defcription, and the velocities acquired in fuch afcent or 
defcent, compared, on the fuppofition of any kind of centri- 
petal force Seel. VII. 103 

Ellipsis, by what law of centripetal force tending to the centre 

of the figure it is defcribed by a revolving body £1 

by what law of centripetal force tending to the focus of 

rhe figure it is defcribed by a revolving body 

Fluid, the definition thereof 4a 

Vol. L a 



id by Google 



ISDIX. 

Page 

Forces, their compofition and refolution Ii 

attractive forces of fpherical bodies, compofed of particles 
attracting according to any law, determined .... Seel. X 1 1. 174 

attractive forces of bodies not fpherical, compofed of particles 
attracting according to any law, determined. . Sect. X11T. 1 Q2 
Force, centripetal force defined 2 

theabfolute quantity of centripetal force defined 4 

the accelerative quantity of the fame defined ibid 

the motive quantity of the fame defined 5 

the proportion thereof to any known force how collected ... £ii 
Forces, the invention of the centripetal forces, when a body is re- 
volved in a non-refilling fpace about an immoveable centre 
in any orbit Sect. II* and III. ±£t and 5± 

the centripetal forces tending to any point by which any 
figure may be defcribed by a revolving body being given, 
the centripetal forces tending to any other point by which 
the fame figure may be defcribed in the fame periodic time 
are alfo given 

the centripetal forces by which any figure is defcribed by a 
revolving body being given, there are given the forces by 
which a new figure may be defcribed, if the ordiaates are 
augmented or diminifhed in any given ratio, or the angle of 
their inclination be any how changed, the periodic time 
remaining the fame 54? 

centripetal forces decreafing in the duplicate proportion of the 
diftances, what figures may be defcribed by them .... 5^ 146 
Force, a centripetal force that is reciprocally as the cube of the or- 
dinate tending to a vafUy remote centre of force will caufe a 
body to move in any given conic fection £1 

a centripetal force that is as the cube of the ordinate tending to 
a vaflly remote centre of force will caufe a body to move in 

an hyperbola '204- 

Gravity, mutual between the earth and its" parts 

Hyperbola, by what law of centrifugal force tending from the 

centre of the figure it is defcribed by a revolving body. . . . £A 

by what law of centrifugal force tending from the focus of the 
figure it is defcribed by a revolving body 56. 

by what law of centripetal force tending to the focus of the 

figure it is defcribed by a revolving body ibid 

Light, its propagation not inftantaneous 207 

its velocity different in different mediums • . 2Q6 
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Light, a certain reflection it fometimes fuffers explained 206 

its refraction explained 204 

refraction is not made in the fingle point of incidence 20.9 

an incurvation of light about the extremities of bodies obferved 

by experiments 208 

Magnetic force 2Z 

Matter, its quantity of matter defined 1 

its vis injita defined , 2 

its imprefled force defined ibid 

Mechanical Powers explained and demonftrated 27i 25 

Method offirft and lad ratios Seel. L 2£ 

of transforming figures into others of the fame analytical 

order 82 

Moon, the inclination of it's orbit to the ecliptic greateft in the 
lyzygies of the node with the fun, and lead in the qua- 
dratures 152 

Motion, its quantity defined I 

abfolute and relative Z 

abfolute and relative, the feparation of one from the other pof- 

fible, demonftrate'd by an exmaple 11 

laws thereof 14 

Motions, compofition and refolution of them 1$ 

Motion of concurring bodies after their reflection, by what ex- 
periments collected 23j 24 

of bodies in eccentric fections Sect. IIL M 

in moveable orbits Sect. IX. 117" 

in given fuperficies, and of the reciprocal motion of pen- 
dulums Sect. X. LSD 

of bodies tending to each other with centripetal forces,Sect. X I. 144 
of very irnall bodies agitated by centripetal forces tending to 

each part of Tome very great body Sect. XI IT. 1£2 

Ovals for optic ufes, the method of finding them which Cartefius 

concealed 203 

a general folution of Cartefius's problem 209, 210 

Orbits, the invention of thofe which are defcribed by bodies going 
off from a given place with a given velocity according to a 
given right line, when the centripetal force is reciprocally 
as the fquare of the diftance, and the abfolute quantity of 
that force is known 62 
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Orbits^ of thofe which are defcrihcd by bodies when the centri- 
petal force is reciprocally as the cube of the di(lance.51_, 1 1 (), 122 
of thofe which are delcribed by bodies agitated by any centri- 
petal forces whatever Sect.VIII. 1 12 

Parabola, by what law of centripetal force tending to the focus 

of the figure the fame may be delcribed 53 

Pendulums, their properties explained ij-i, 13Q 

Place defined, and diftinguiftied into abfolutc and relative. ..... J_ 

Places of bodies moving in conic fedtions found to any aliened 

. time Sect. VF. $6 

Problem Kepleiuan, folved by the trochoid and by approxima- 
tions LQli to K>3 

of the antienb, of four lines, related by Pappus, and attempted 
by Cartefuis, by an algebraic calculus folved by a geometri- 
cal compofition * 215 

Projectiles move in parabolas when the refiftance of the medium 

is taken away 2^5^ «20t 

Quadratures general of oval figures not. to be obtained by 

finite terms * .... * f ;7 

Rest, true and relative £ 

Sesquiplic ate proportion defined :>(> 

Space, abfoluteand relative .....*..(>, 7^3 

Spheroid, the attraction of the fame when the forces of its parti- 
cles are reciprocally as the fquares of the diltances !<)<> 

Spiral cutting all its radii in a g;iven angle, by what law of cen- 
tripetal force tending to the centre thereof it may be de- 

fcribed by a revolving body ; « : 4:? 

Time, abfolute anxlielative , , 6, & 

the aflronomioaT equation thereof proved by pendulum clocks, 

and theeclipfesof Jupiter's fatellites ,8, fl 

Velocities of bodies moving in conic feclions, where the centri- 
petal foice tends to the focus. . 6o» 6l 
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